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B AR TIZ RN — A RICHEBT 5 2 Lixdh->Th, REFIZIRD
ZEEDR, EHES, RS FTREZR spline B TR AR L
XL LZ0bONREHLE L W25, FNTH, spline (2 X BT Elix
FAUT EEN S DT,

Chebyshev Node i%. Chebyshev Polynomial Z{f 9 & W5 Fite T, F£7-
EOREIZBET 2 58 RAEBROMIT S 72 RIUZ W T, KRR % R/ ME &
HHHDOTho7eR, b LLFRADPEORBRBUZBEL TN LLDEREH D
MUDEH LTS L X2, MY Chebyshev node (ZE#T 5 M X200,
REFGHOMEBEEZ HIBRETHTE O THIIE, ZDiTED node % HEHI
SHEDLZETHEIEEL LT 52 EFRETHL L, LTINS
I TR node & & > THATIMENDIFHRITD 720, Carroll (2005) 12 &
% Endogenous Grid Points Approach i, spline #ff 5 = & % ®ii#2C, node
(grid) #% < DIERNVFTH L O ICHENICEA TS FETHY, HEH
BOELPIITEN TH L Z ERFBR I TV D, IEFTrX, Chebyshev L9
% spline %48 5 FHCOEM L TW D EIZRRH 5,
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4 Chebyshev Polynomial #AW\f-&EEEET
IVDFRE
Chebyshev Polynomial (X[ [-1,1] TEFE I T3, Value Function
%> Policy Function ME# & L TiE, L0 —ROARXHE THLLERDH D,
Hx OBLOH HKEREN [ab] ThdHE XL, Tk [F1,1] ICHED (JR8E) &
T Chebyshev node #F58 L, & £/ 0O KEIZHIET 5 L 9 IZHE5R
(fi/h) EED &V D —FME ANDLLERD D,

T 2R < IR
max Z Btlog ¢,

etk =5

kt+1 = Ak? —C (2)

W) HEDOTH Y, ED Value Function X FEED L 91T closed form T
SEOMEARH I —RAEE 2 5,

V(k;)zL(ln<A(1—aﬁ)+ ab Y Ik (3)

3 1—aﬁln(Aaﬁ))>+1—aﬁ

72k, TR =a— R&FE(T7 521 Miranda and Fackler(2002) (2 X %
ComeEcon Toolbox XM ETH 5,

%
% Numerical Dynamic Programming by Chebyshev
%

% THE MODEL;

% max sum._ {t=0} “{inf} beta"t * u(c_t)

% s.t. et + ko {t+1} = f(k-t)

% k_0 given

%

% -log utility function, without leisure,

% -production function is Cobb-Douglas:

%yt = AA *k_{t} “{alpha}

% AA is NOT productivity, which only adjusts a steady state value of
% capital equal to 1.

%

% v(k) = max{log(AA * k"alpha - kprime) + beta * v(kprime)}
%

% We need Compecon Toolbox by Miranda and Fackler (2002)
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% Program based on Tomoaki Yamada (2002)
% Written by Naohito Abe 2006 Jan 3

clear all;

% format long;

% diary NDP1.out;

global AA alpha beta mink maxk

% set parameter values

%

alpha = 0.25; % production parameter

beta = 0.96; % subjective discount factor

AA = 1./(alpha*beta); % modify steady state capital = 1

mink = 0.03; % minimum value of the capital

maxk = 2.0; % maximum value of the capital

tol_golden = 10°-5; % tolerance of the error for the Golden Search

maxit = 300; % maximum # of iteration

TOLV cheb = 10."-4; % stopping criterion of value iteration (for Cheby-
shev)

TOLP _cheb = 10."-7; % stopping criterion of policy iteration

diff = 100000; % initial difference

% TOLV = 10."-6 T% 350 [EZ.0 iteration THLHT 5

% % % % % % % % %% % % %% %% % % % % % % % INITIAL-
IZATION % % % % % % % % % % % % % % % % % % % % % % % %
% % % % %

% v" % Chebyshev {2 & 1 Tl

%

% Approximation grid X" & E,

% Initial Guess, VHAT % &R,

% Stopping Criterion Z&E, L CEEIZIREFRE A,

% initial guess of coefficients a0
% .
n = 50; % degree of approximation (by Chebyshev interpolation)

m = 50; % the number of evaluation points. Note that m >= n.

% generate evaluation points, which is a column vector of capital grid.

evalpt = chebnodes(m); % generate m Chebyshev nodes defined in [-1,1].

kap_cheb = scaleup(evalpt,mink,maxk); % linear transformation of inter-
val from [-1,1] to [mink,maxXk]

VO = zeros(m,1); % initial guess of value function.
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fspace_cheb = fundefn(’cheb’,n,mink,maxk);

a0 = funfitxy (fspace_cheb kap_cheb,V0);% initial Chebyshev polynomial
for the value function

% % % % % % % %% % %% %% % %% % %% %% %% % % %
% % % % % % % % % % %% %% %% % % % % % %% % % % % %
% % % % % % % % % % % % % % % % % % %

% %

% CHEBYSHEV POLYNOMIAL INTERPOLATION %

% %

% % % % % % % %% % %% %% % %% % %% %% %% % % %
% % % % % % % % %% %% %% %% %% %% % %% %% %% %
% % % % % % % % % % % % % % % % % % %

% Preparation for iteration (Chebyshev)

%

a_cheb = a0;

Vold_cheb = V0; %10000*ones(m,1); % initial V_old

Vdyn_cheb(:,1) = Vold_cheb; % V @ dynamics % f.72 % 7= % (algorithm
& ITERIER)

it_cheb = 1;

diff_cheb = diff;

Pold_cheb = zeros(m,1);

converge_cheb = 0;

% Main Loop (Chebyshev Approximation)
%
tic

while it_cheb <= maxit & diff_cheb > TOLV _cheb;

V_cheb = ones(m,1);

POL_cheb = ones(m,1);

optset(’golden’, tol’,tol_golden); % BA%X golden @ tolerance % 255
% Maximization Step (STEP 1):

% -

for i = 1:length(kap_cheb);

cap = kap_cheb(i); % current(i-th iteration) grid

cap_ini = kap_cheb(i); % initial guess for quasi-newton
% subroutines for maximization

%
% <golden section search>

% %ffi~> T, % grid EiZ$81F % Bellman’s eq DAL= 5HET 5,
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[POL_cheb(i),V_cheb(i)] = golden(’Bellman_chebl’,mink,maxk,cap,a_cheb);
% GOLDEN SEARCH

% —IF B @ iteration 23 Hi72 5 log(k "alpha - kprime) D KILIZZz>TL
ESAN

% EFk LICAD ERRWATREMED & D R RN

end

%

% Fitting Step (STEP 2):

%

anew_cheb = funfitxy(fspace_cheb,kap_cheb,V _cheb);

diff_cheb = max(abs(Vold_cheb - V_cheb)); % V D&z

Vdyn_cheb(:,it_cheb+1) = V_cheb;

Pdyn_cheb(:,it_cheb) = POL_cheb; % BIREAE D ¥ A F I 7 &

DIF _cheb(it_cheb) = diff_cheb; % BRZEDHER AT = 7

ACHEV (:,it_cheb) = anew_cheb; % #%# a DL F = 7

Vold_cheb = V_cheb;

a_cheb = anew_cheb; % update coefficients a.

it_cheb = it_cheb + 1;

% U R FEHE % Policy Function T % Case:

if max(abs(POL_cheb - Pold_cheb)) < TOLP _cheb;

converge_cheb = 1;

break;

end

Pold_cheb = POL_cheb;

end

Time_cheb = toc;

% If policy function has been converged, calculate the value function
%
if converge_cheb == 1;

for i = l:length(kap_cheb);

V_cheb = Bellman_cheb1(POL_cheb,kap_cheb,a_cheb);

end

end

% Calculate the true and approximated policy function

% policy function approximated by Chebyshev polynomial
%
Cons_cheb = AA * kap_cheb . alpha - POL_cheb;

% Calculate exact policy function at Chebyshev node
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%

exact_cheb = (1-beta*alpha) * AA * kap_cheb. alpha; % true policy fcn

% % % % % % % % % % % % %% %% % % % %% %% % % % %
% % % % % % % % % % % % % % % % % %% % %% % % % %% %
% % % % % % % % % % % % % % % % % % %

% %

% ACCURACY CHECK %

% %

% % % % % % % % % % % % %% % % % % % %% % % % % % %
% % % % % % % % % % % % % % % % % %% % % %% % % % % %
% % % % % % % % % % % % % % % % % % %

% Step 1:
% value function 23U L TV 25 5% FEE
% _

iterat_cheb = [1:it_cheb-1];

% T C. iteration %@ U7z diff &1k % plot.

% % % % % % % % % % % % %% % % % % % % %% % % % % %
% % % % % % % % %% %% %% %% %% %% % %% %% %% %
% % % % % % % % % % % %% %% % % %%

% %

% RESULTS %

% %

% % % % % % % %% % %% %% % %% % %% %% %% % % %
% % % % % % % % % % %% %% %% % % % % % %% % % % % %
% % % % % % % % % % % % % % % % % % %

% Display the results

%

mink maxk ’);

[ mink maxk]);
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disp(’ Chebyshev ’);

disp([ Time_cheb ]);

disp(”);

% Figure (CHEBYSHEV INTERPOLATION)

% Plot Value Function approximated by Chebyshev Polynomial
%
subplot(2,2,1)

plot(kap_cheb,V _cheb,’b’);

titleCVALUE FUNCTION BY CHEBYSHEV’);

xlabel(’Capital’); ylabel(’Value’);

% Plot Consumption Function approximated by Chebyshev Polynomial
%
subplot(2,2,2)

plot(kap_cheb,exact_cheb,’:’ kap_cheb,Cons_cheb,’b’)
titleCCONSUMPTION FUNCTION BY CHEBYSHEV’)
xlabel("Current Capital’); ylabel(’Consumption’);

legend (*True Function’,’ Approximate ’)

% Plot Policy Function approximated by Chebyshev Polynomial
% -

subplot(2,2,3)

plot(kap_cheb,POL_cheb,’b’ kap_cheb,kap_cheb,’k’)
title’SAVING FUNCTION BY CHEBYSHEV’)
xlabel("Current Capital’); ylabel("Next Capital’);
legend(’Saving’,’degree of 457)

% Figure (Convergence of Value Function)

subplot(2,2,4)
plot(iterat_cheb,DIF _cheb);
title(’Convergence Test (Chebyshev)’);

xlabel(’iteration’); ylabel(’error’);

LAF @~ EF D main ([CHERBERTH D,

% % % % % % % % % % % % %% % %% % % % %% % % % % %
% % % % % % % % % %

function [value,fjac] = Bellman_chebl(kprime kap,a);

% [value fjac] = Bellman_chebl(kprime,kap,a)

% Purpose(OUTPUT):

% Calculate the value function and Jacobian of value.

% V_j = {log(AA*k."alpha - kprime) + beta * v(krpme)}
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%

% INPUT: kprime is choice variables(column vector).
% kap is current state variable(column vector).

% a is coeflicients of Chebyshev polynomial, which

% approximate next period’s value function.

%

% When output is only one, this function returns value,
% not return Jacobian of value function.

%

% November 25, 2002

%

% Written by T.Y.

global AA alpha beta mink maxk

% evaluate the value function at current state capital.
value = valuefcn_chebl(kprime kap,a);

% calculate Jacobian of the value fen (from CompEcon)

fjac = fdjac(’valuefcn_chebl’ kprime,kap,a);
% % % % % % % % % % % %% %% % %% % %% % %%

function value = valuefcn_chebl(kprime kap,a);

% value = valuefcn_chebl(kprime,kap,a)

% Purpose:

% Calculate the value function, when current capital level
% is kap, next capital stock will be kprime, and

% value fen is approximated by a (Chebyshev coefficients).
%

% kprime, kap and a must be column vector.

%

% V_j = {log(AA*k."alpha - kprime) + beta * v(kprime)}
%

% November 25, 2002

%

% Written by T.Y.

global AA alpha beta mink maxk

numa = length(a);

numal = numa - 1;

cons = AA * kap ."alpha - kprime;

for i = l:length(kprime);

if cons(i) <= mink;
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cons(i) = mink;

end

end

utility = log(cons);

% utility = log(AA * kap ."alpha - kprime);

kprimell= scaledown(kprime,mink,maxk);

vprime = chebpoly(numal,kprimell) * a;

value = utility + beta .* vprime;

% % % % % % % % % % % % %% % %% % %% %% % % % % %
%% % % %% % % %% % %% %% %% %% %% %% %% %% %
% % % % % %

HRER (B 72712 CPU % Xeon 3.0GH, Matlab 6.1 TH %)

>> Numerical Dynamic Programming
PARAMETER VALUES

alpha beta

0.2500 0.9600

mink maxk

0.0300 2.0000

tol_golden TOLV _cheb diff_cheb
0.0000 0.0001 0.6992
Calculation Time

chebyshev

10.7660

Chebyshev & Y & spline & 5 faCAMEIN L TO DGR & 5,

5 Cubic Spline #HU\f-RERKEETILOHEE

Z 2T, kR THY 2 Chebyshev TiX72 <, spline TR URI#E%% 2 5,
7272, 50nodes TiZ72 <, 10nodes THE L TV %, 50nodes ® spline Tl
KO RAL—=ARIBIRERGD Z LKL, FHRIZ2 HRBRENND,

%

% Numerical Dynamic Programming by Cubic Spline Interpolation

%

% THE MODEL;
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% max sum._ {t=0} “{inf} beta"t * u(c_t)

% s.t. et + ko {t+1} = f(k_t)

% k_0 given

%

% -log utility function, without leisure,

% -production function is Cobb-Douglas:

%yt =A*k_{t} “{alpha}

% AA is NOT productivity, which only adjusts a steady state value of
% capital equal to 1.

%

%

% v(k) = max{log(AA * kalpha - kprime) + beta * v(kprime)}
%

%

% Program based on Tomoaki Yamada (2002)

% Written by Naohito Abe 2006 Feb 14

clear all;

global AA alpha beta mink maxk

% set parameter values

%

alpha = 0.25; % production parameter

beta = 0.96; % subjective discount factor

AA = 1./(alpha*beta); % modify steady state capital = 1

mink = 0.03; % minimum value of the capital

maxk = 2.0; % maximum value of the capital

tol_golden = 107-5; % tolerance of the error for the Golden Search

maxit = 350; % maximum # of iteration

TOLV_spli = 10."-4; % stopping criterion of value iteration (for Cheby-
shev)

TOLP_spli = 10.”-7; % stopping criterion of policy iteration.

diff = 100000; % initial difference

% v OB ZYE -> 2) Cubic Spline Interpolation

% Approximation grid kap_cheb % #iE,

% Initial Guess, vHAT=0(value function iteration 72 & OK!)

% stopping criterion VOLV _cheb % if:7E,

% initial guess of coefficients a0

% §
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m = 10; % the number of evaluation points.

VO = zeros(m,1); % initial guess of value function.

% Preparation for iteration (cubic spline)

%

kap-spli = linspace(maxk,mink,m)’; % capital grid in [mink,maxk] (%%
53

Vold _spli = VO0; % initial old value function

Vdyn_spli(:,1) = Vold_spli; % V spli D% FLi-vy,

a_spli = spline(kap_spli,Vold_spli); % initial spline by Matlab function

it_spli = 1;

diff_spli = diff;

Pold_spli = zeros(m,1);

converge_spli = 0;

% Main Loop (Cubic Spline Interpolation)
%
tic

while it_spli <= maxit & diff_spli > TOLV _spli;
V_spli = ones(m,1);

POL_spli = ones(m,1);

for i = l:length(kap_spli);

cap = kap_spli(i); % current grid

[POL_spli(i),V_spli(i)] = golden(’Bellman _splil’,;mink,maxk,cap,a_spli); %
GOLDEN SEARCH

%

end

diff spli = max(abs(Vold_spli - V _spli));

a_spli = spline(kap_spli,V_spli); % update the coefficients of spline

Vdyn_spli(:,it_spli+1) = V_spli;

Pdyn_spli(:,it_spli) = POL_spli; % BEREEO X A F I 7 R

DIF spli(it_spli) = diff_spli;

Vold_spli = V_spli;

% WX EHE% Policy Function Tgt% Case:

if max(abs(POL_spli - Pold_spli)) < TOLP_spli;

converge_spli = 1;

break;

end

Pold_spli = POL_spli;

it_spli = it_spli + 1;

end
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Time_spli = toc;
% If value function has been converged, calculate the value function
% ,

if converge_spli == 1;

for i = l:length(kap_spli);

V_spli = Bellman_splil(POL_spli,kap_spli,a_spli);
end

end

% Calculate the true and approximated policy function

% Calculate approximated policy function
%
Cons_spli = AA * kap_spli ."alpha - POL_spli;

% Calculate exact policy function for comparison

%
exact_spli = (1-beta*alpha) * AA * kap_spli . alpha; % true policy func-

tion
% Display the results
%
disp(
disp(”);
disp(PARAMETER VALUES");
disp(");
disp(’ alpha beta ’);
(
(
(
(
(

"Numerical Dynamic Programming’);

o)

disp([ alpha beta ]);
disp(”);

’ mink maxk ’);

disp
disp([ mink maxXk]);

disp(’ tol_golden TOLV _spli diff_spli’);
disp(] tol_golden TOLV _spli diff spli]);

% Figure (CUBIC SPLINE INTERPOLATION)

% Plot value function approximated by cubic spline
% -
subplot(2,2,1)

plot(kap_spli,V_spli,’b’);

titleCVALUE FUNCTION BY CUBIC SPLINE’);
xlabel(’Capital’); ylabel(’Value’);

% Plot consumption function approximated by cubic spline
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% .
subplot(2,2,2);
plot(kap_spli,exact_spli,”:’.kap_spli,Cons_spli,’b’)
titleCCONSUMPTION FUNCTION BY SPLINE’)
xlabel("Current Capital’); ylabel(’Consumption’);

% Plot policy function approximated by cubic spline
%
subplot(2,2,3);

plot(kap_spli,POL_spli,’b’ kap_spli,kap_spli,’k’)
title'SAVING FUNCTION BY SPLINE’)
xlabel(’Current Capital’); ylabel(’Next Capital’);

HH 7k R

>> Numerical Dynamic Programming
PARAMETER VALUES

alpha beta

0.2500 0.9600

mink maxk

0.0300 2.0000

tol_golden TOLV _spli diff_spli

0.0000 0.0001 0.6185

FEME, 8.2F)

Tix, FRRo7 0 7T MIVBERY T L—F L Thd,

chebnodes.m

% % % % % % %

function x=chebnodes(n);

% x=chebnodes(n);

% Purpose

% Create n Chebyshev nodes

%

% Chebyshev Minimax Property:

% which are the interpolation nodes

% that minimize the error bound of chebyshev interpolation.
% See Judd(1998) equation (6.7.4) p.222
%
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% November 9 1998

%

% Written by den haan

% ;

% global @ n 233 L 72 K 9 ICHEET DI
T = max(1,n);

n = (1m)’;

X = cos( (pi*(n-0.5))/r );

% % % % % % % % %o %o %o %o %o %% %% %% %% % % % % % %
% % % % % %0 % %o %o % %% % % %% % % % % % % % %

chebpoly.m

% % % % % % % %% % %% %% % %% % %% %% %% % % %
% % % % % % % % % %% %% % %% %% % % % % % %

function fi=chebpoly(ord,x);

% fi=chebpoly(ord,x,a,b);

% Purpose

% Create an <ord+1>-th order Chebyshev Polynomial

% x must be a column vector, for example, chebyshev node

% or quadrature node, which must be adjusted in [-1.1].

% create (length(x) * ord+1) chebyshev polynomial matrix

%

% October 18, 2002

%

% Written by T.Y.

%

fi = cos([0:ord]” * acos(x’)); % chebyshev polynomial evaluated at x’

fi = fi’; % m * node OITHNTLHE (a0 ZHNT BB X H12))

% % % % % % % %% % %% %% % %% % %% %% %% % % %
% % % % % % % % % % %% %% %% % % % % % % % % % % % %
% % % % % % %

scaledown.m

% % % % % % % % % %% %% % %% %% % % % % % %
function xd = scaledown(x,xmin,xmax);

Y%function xd = scaledown(x,xmin,xmax);

% Linearly scale a variable from [min,xmax] to [-1,1],

% where x,xmin,xmax can be vectors as long as they are all of the same

% dimension
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%

% October 18, 2002

%

[r ¢] = size(x);

a = 2*ones(r,c) ./ ( xmax - xmin );

b = ones(r,c) - 2 * xmax ./ ( xmax - xmin );
xd =b + a . *x;

% >k 3k ok Sk sk sk ok Sk sk sk ok sk sk skok kR KR KK KR R R 3R Sk ok Sk sk sk sk ok sk sk ok Skosk skosk skosk skok kR KR KR SRR R R Rk kook Skok skoskoskoskoskoskoskoskoskosk

% Kook ok ok ok ok ok sk ok koo koo skok ok ok sk ok sk sk ok sk ok ok ok skok ok sk ok sk ok sk ok sk koo sk sk skeok skok skok ok skok skok ok skok kok ok skoskosk skok kok skokskok

scaleup.m

% % % % % % % % % % % % %% % %% % % % %% % % % % %
% % % % % % % % % % % % % % % % % %

function xu = scaleup(x,xmin,xmax);

% function y = scaleup(x,xmin,xmax);

% Linearly rescales every element of the vector x

% from [-1,1] to [xmin,xmax]

% where x,xmin,xmax can be vectors as long as they are all of the same

% dimension

%

% October 18, 2002
[

a = (xmin4xmax)’/2;

—

c] = size(x);

b = (xmax-xmin)’/2;

xu = a*ones(1,r) + ( b*ones(1,r) ).*x’;

xu = xu’;

07, R R R R R ok

% >k 3k ok sk sk sk ok Sk sk sk ok Sk sk skok kR KR KK KR R K 3R Sk ok Sk sk skosk ok sk sk ok Sk sk skosk skosk skok kR KR KR KR Rk Rk kosk skoskoskoskoskoskoskoskoskoskoskosk
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