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Outcome T,
B1in DD
T’A
Ca
Tb /
Cy
Time

Ty — Cy BIRDOZETIT/RK T, — Ty

Two regions 1 and 0, region 1 is exposed to a treatment, region 0 is not. Two time periods, a, b
(a<b). Treatment is given at some time between a and b. No moving between the region.

r; = 1ifresiding in region 1 and O otherwise . = 1 if t = b and 0 otherwise = d;; = r;7; If
being in region 1 at time b means having received the treatment.

PRPIVT —H BB (47)

Difference-in-Difference is the average change in Y in the treatment group over the course of the
experiment, minus the average change in Y in the control group over the same time.

3PP = (VT — V1) — (Vf —7§) = AY" —AY¢
AY; = Bo + B1D; + u;

AY; be the change in the value of Y; for the i individual over the course of the experiment. The
binary treatment variable D; is randomly assigned, the causal effect is the coefficient §; via OLS.

2RV TF — N X BBOE M (5)

Let v denote the potential response for personiattimet, j = 0 (nottreated) and j = 1 (treated).
The observed response y;; is
Yie = (1 — di)Yoir + diey1ie = (1 — 171 Yoie + 1iTid1ie
Omitting the subscript i, we have
DD = E(Y, — Y, |r =1) — E(Y, — Y |r = 0) (in observed responses)
=E(Yyp, — Yoqlr = 1) — E(Yy, — Yoqlr = 0) (in potential responses)

Subtract and add the counter-factual E (Yy, — Ypq|r = 1) to get
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DD ={E(Yyp — Yoqlr =1) — E(Ypp — Youlr = 1)}
+E(Yop — Yoqlr = 1) — E(Yop — Yoqlr = 0)
If the same-time-effect condition (the mean-independence of Y, — Y, from r).
E(Yop — Yoalr = 1) — E(Yop — Youlr = 0)

holds, which means that the untreated response changes by the same magnitude on average for
both regions, then

DD =E(Yyp — Yoplr = 1)

INRIVT — L DBER M (6)

DD identifies the treatment effect for region 1 at time b if the same time-effect condition holds.
Rewrite the same time-effect condition as

E(Yoplr =1) = E(Ypplr = 0) = E(Yoalr = 1) — E(Yoqlr = 0)
If we assume E (Yo |r) = E(Yy:), t=a, b, then both sides of this equation become zero.

The same time-effect condition is weaker than E (Y,:|7) = E(Y,:), t=a, b, because both sides of
the same time-effect condition have to be equal, but not necessarily zero.

The two regions may be different systematically, but so long as the same time-effect conditions
holds, the difference will not matter. In this sense, DD allows for unobserved confounders. The
same time-effect condition

E(untreated resonse change|r = 1) = E (untreated resonse change|r = 0)
isanalogousto Y, 1 d, i.e.,
E(untreated resonse |d = 1) = E(untreated resonse |d = 0)

which is used for the effect on the treated E (Y; — Yy|d = 1).

INRIVT — L DBR A (7)

in cross-section data. DDE(Y;, — Yy, |r = 1) is analogous to this effect on the treated.
Define Y=Y, -Y,, Y,=Y, — Yy Yo=Yy —Yy, toQet
DD=E{Y|r=1)—-E¥|lr=1)=EW|r =1) — E(Y,|r = 0)
=EMlr=1D)—-EWlr=1 +{EX|r=1) - E(Y|r = 0)}
=EY, -Ylr=1) if E(ylr=1)= E(Yy|r =0)
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It is clear that DD is analogous to the effect on the treated with the same time-effect condition
written as Yy L r. Y, L r|x is nothing but a selection-on-observables. Consider independent
cross-section data instead of panel data.

There are three potential responses: Yy;q, Yoin, Y1ip» €ach subject has (74, ;) indicating whether
the subject resides in region 1 or not at time a and b. lett; = 1 if subject i is observed att = b
and t; = 0 otherwise.

=1 —1)rig + TiTip

yi = (1= 1)Yy0ia + Ti(1 —1)Yoip + 1T Yiip.

2RV T — N X BBOE M (8)

DD=E(ylr=1t=1)—EQW|lr=1,17=0) —{E(ylr=0,t=1)—E(y|r =0,7 = 0)}

=EWiplry =1,1t=1) —EWulre =1,7=0)
—{EWoplry = 0,7 =1) — E(ygql1y = 0,7 = 0)}

Assume
(i) tis mean-independent of Yy, Yoy, Yip givenr, orr,
(i) Epglry =c¢) = E(Yyalry =c¢),c =0.1 toget
DD =EWplry =1) = EWoalta = 1) —{E@oplmy = 0) — E(yoalra = 0)}
=EW1p — Yoals = 1) — EGop — Yoalr» = 0)
=EW1p —Yoaln = 1) ifEQop — Yoals = 1) = EQYop — Yoalts = 0).

No mover panel case
Yjit = B1 + Br1i + BeTe + Baj + Ui
j=01,i=1,..,.N t=ab
E(ujir) =0
We get
Yiit = Yoit = Ba + U1ie — Uit
Ba = EW1it — Yoit)
From y;; = (1 — t;T¢)Yoit + 7iTeV1ie, the observed response is

Vit = B1 + Br1i + Bt + Bdrite + (1 — 1T Ugie + 1iTelyge

INRIVT — L DBR M (9)
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Omitting the subscript i, the two differences in the DD are
E(ip —Yoalr =1) = By + Br + Be + Ba + E(uiplr = 1) = {B1 + B + E(ugalr = 1)}
= B¢+ Ba + E(uyp —ugglr = 1)
E®op — Yoalr = 0) = By + Bt + E(ugplr = 0) — {B1 + E(ugqlr = 0)}
= Pt + E(uop — Upalr = 0)
Without ignoring the error term conditional means, we have, under the same time-effect condition,
DD =E1p — Yoplr =1)
= P14 Br + Be + Ba + EQuiplr = 1) —{By + Br + Bt + E(ugplr = 1)}
= Ba + E(ugp — ugplr = 1)
DD =B, if EQuyp—ugplr=1)=0

The same time-effect condition in the linear model is equivalent to

E(ugp — upalr = 1) = E(ugp — ugglr = 0)

RENVT —ZZ I BBUERFHi (10)

because
E®op —Yoalr =1) = By + Br + Bt + E(uoplr = 1) — {B1 + Br + E(upalr = 1)}
= P + E(uop — Upalr =1)
Eob — Yoalr = 0) = By + Be + E(uoplr = 0) — {B1 + E(upqa|r = 0)}
= B¢ + E(uop — Ugalr = 0)
The DD identification condition is more likely to hold if the conditioning set includes covariates.
The linear potential response model with B',.x;;
Yiie = B1 + Brti + BeTe + Baj + BxXie + Ujie
EWob — YoalXa xp, 7 = 1) = By + Br + B + B'x%p
+E (uoplxg, xp, 7 = 1) = {B1 + Br + B’ Xa + E(Ugalxq, xp, 7 = 1)}
=B+ B, (xp — x4) + E(uop — UgalXq, Xp, 7 = 1)
E(op — Yoalxa xp, 7 = 0) = By + B + B'xxp + E(UoplXq, xp, 7 = 0)

—{B1 + B Xa + E(Uoal¥q, Xp, 7 = 0)}
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=B+ ,le(xb — xq) + E(uop — Uoqlxq, xp, 7 = 0)
PRV T =L DBOREHTE (11)

Conditional DD is as follows
E1p — YoblXa, xp, 7 = 1) = Bg + E(uyp — Ugplxg, xp,7 = 1)

If EQuqp — Ugplxg, xp, 7 = 1) = 0, then the conditional DD is §,;. Otherwise, the covariates x,
and x;, can be integrated out to yield the marginal effect.
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