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Simpson’s Paradox that a positive (negative) effect for each sub population could become
negative (positive) in the whole population.

E(yld = 1) — E(y|d = 0) (<>°) 0 while E(ylx,d = 1)

—E(y|x,d = 0) (><0) 0 forall x.

Reason’s for paradox. The male who recover (regardless of the drag) more after than the
females are more likely than the females to me the drug (lack of gender control!!).
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(%)
. Effect No Effect
Combined Recovery Rate
E —F
T Drug(C) 20 20 40 50
C  NoDrug (=C) 16 24 40 40
T  Males
C Drug(C) 18 12 30 60
No Drug (=C) 7 3 10 70
T  Females
C Drug (C ) 2 8 10 20
No Drug (=C) 9 21 30 30

1) BURDOHFENEZ DL x DI E) (covariance) Doy B CE D, x ML TEDLG AL, TX
RN E TXRITED,

Y, = Xi’,Br + prS; + e

X =Control Variable, S =BURH51E, e;=unobservable e; = V; + &;;

IR (2)

1) Selection on observables

{E(Y;|d) # E(Y;) but E(Y;|d,x) = E(¥;]x)
for y; with density f

f|d) # £(Y;) but f(¥]|d,x) = f(¥j|x)

for the observables x.

Selection ML x 2 b — /L § 2L TR TED, d ITROEMEITKFT S,
x DBIEETED
x ZFTE-LUT y; OIS U TR AR TR AN 85
d such that y;11d|x

d is irrelevant for y; once x is condition on

2) Selection-on-unobservables
{E(yj|d, X) # E(yj |x) but E (y; |d, x, &) = E(yjlx, €)

If £ (yj|d, x) # f(yj|x) for BiZ2nTHE x
fjld,x, &) = f(y|x,€) forBlEETEA e
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B TERV e Zar b — L L CRIUTR IR 3T,
d ITROGMFIZ L TR ED
BIEZZTREZR x
x ZRT L UTZRRIZ, y; (SR - 2 DBLEN rReZre
x e BT HELTERRT, y; SITINLL CHELHBIER AR AT/ 8 4L

d (X irrelevant for y; condition on x and ¢ (yjlld|(x, €))

%51 RIS (3)

KFHE dj =1, DM d; =0, y; 1ZEVEFTRLT D,

REFHE T HNE REIIDE LD disciplined 28 N72LT 2L y; IZRFHEIERE
(FHNFHBE S 2,

COR(y;,d) > COR(y,,d) >0
dj = 1[y1; > yoil
=EWld=1,x)—-E(y|ld =0,x)

=Eld =1,x) —E(yold = 0,x) = EQ11y1 > Y0, %) — EQoly:r < Yo, %)
# E(y11x) — E(y¥o|x) in general.

A&7 NV — T NI S ILE R RATE U HEE TER, E(yj|d) # EW))
d 2B NDOREENREE 2 D& | WEREXT DB ENFI TR D LR D,

E(y; —yold = 1)

Selection-on-observable for only y, 2307 T+ 0551 C&5,

E(}’|d = 1,X)—E(y|d = O,X) = E(ylld = 1,X)—E(y0|d = O,X)
=Enld =1,x) —E(old =1,x) = E(y1 — yold = 1,x)
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=E(y1 —Yold = 1,x)

=[{EWld =1,x) = EQld = 0,%)} Fxja=1(dx) = E(y1 — Yold = 1)

%51 RIS (4)

d @1ﬁ&i Y1 — Yo izﬁgﬁbf%@\ Yo Q:Giﬁt{ﬁbfu \fctb\o
[RERIZ, E(y, — yold = 0) Selection-on-observable for only y; 2323 uUE+57iks ] T& 5,

MIGET L

yjii = a; +x;Bj +u; j=0.1 E(u;) =0 E(uji|xi )=0
di = 1y > yoil

=d; = lay — ao + x;{(fy — fo) + & > 0]

& = Uqi — Up;

The individual effect is

Yii — Yoi = @1 — &g + x; (B — Bo) + Uy — Ug;

%51 RIS (5)

The desired mean treatment effect is
E(yyi —Yoi) = ay —ag + E(x;) (B1 — Bo) + E(uy; — uo;)
=a; —ag+ E(x)'(B1— Bo)

The group mean difference is

E=@Wld=1)-E=@ld=0)=a; —ao+ E(x'|d = 1)f; — E(x'|d = 0)f,
+E(uyld = 1) — E(ugld = 0)

=a;—ay+ E(x") (1 —By) (desired effect)

+HE(x|d =1) —EX)}B; — {E(x]d = 0) — E(x)}'B, (overtbias)

+ E(uqld = 1) — E(ugld = 0) (hidden bias) unobservable bias
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It observed variable is balanced such that E (x|d) = E (x), then the overt bias disappears. If the
unobserved are balanced such that E (u,|d = 1) — E(uy|d = 0), then the hidden bias
disappears.

Statistics for Group mean difference
C Group Ny, Yo, S8
T Group Ny, y,,s2
Ny and N; — o« (large Ny and N;)

(o — ¥1) —E(1 — o)
(s2/Ny + s§/No)1/?

~N(0,1)

IR (6)

If Ny and N, are small, then y;~N (u;,02), j=0, 1

e )
No+ N, — 1 No+ N, — 1
Yo — Y1) —E(1 — o) N

Sp(N()_l +N1—1)1/2 TN0+N1_2

2
Sp

On mean independence and conditional independence

yill d|x — y;lld No

yilld - y;1l1d|x Yes

If y; and d are independent but both affect x positively, then conditioning on x being high
implies that y; and d tend to take high values as well. (d - x < y;)

e.g. d is a job-training, y; is ability and x is the post-training wage. This is a sample selection
problem.

%51 RIRE (7)

Symmetric Mean Independence
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The zero-correlation or mean-independence of y; and d.
COR(y;,d) = 0 ©£(y;d) = E(y;)E(d)
is symmetric in y; and d.

Asymmetric version of mean-independence of y; from d.
E(yjld)= E(y))

The asymmetric version implies the symmetric version,

E(y;d) = E(y;d|d) = E(y;d|d) = E(y;)E(d).

Suppose the symmetric version holds with a binary d. Then
E(yd)(= E(yj|ld = DP(d = 1)) = E(y))E(d)
= E(;d=1)=E(y;)underP(d=1)>0
d=1EQWyld=0)=E®))
E(y;) =E(yj|d=1)P(d=1)+E(yj|d =0)P(d =0)
=E(yj|[d=1){1—-P(d =0)}+E(y;|d =0)P(d = 0)
= E(yjld = 1) +{E(y|d = 0) = E(y;|d = 1)}P(d = 0)
If P(d = 0)=P(d = 1) < 1, then E(y;|d = 1) = E(y;) implies that

E(y;|d =0) = E(y;|d = 1)(E(y;))=E(yild) = E(y))

IR (8)

When d is binary and 0 < P(d = 1) < 1, the symmetric version of mean independence is
equivalent to the asymmetric version.

Unless y; is binary with 0 < P((y; = 1) < 1, the mean independence E (y;d) = E(y;)E(d)
does not necessarily imply the other asymmetric mean-independence E(d|y;) = E(d) which can
be called the mean-independence of d from y;.

Joint and Marginal Independence

Two marginal independences (y;1ld j = 0, 1) do not imply the joint independence. Suppose
y111d|y, and y,lld

then the joint independence holds
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[y d) = f(d,y11y0)f o) = F(dlyo) f (ilyo)f (vo) due to y;1ld|y,
= f(@f Onlyo)f(yo) due to y,lld
= f(d) f(y,,y1) Which is the joint independence.

%51 RIRE (9)

The reverse holds under f(y,) > 0 so that the joint independence is equivalent to y, I1d|y, and
yolld under f(y,) > 0.

fOudlyo)f o) = () fFOalye)f o)
= f(y1, dlyo) = f(d) f(y1lyo) after dividing both

= f(r1, dlyo) = f(dlyo) f(1lyo) using yolld
which is y,11d|y,
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