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Abstract

We study mechanism design with limited commitment. In each period, a
principal offers a “spot” contract to a privately informed agent without com-
mitting to future contracts. In contrast to the classical model with a fixed in-
formation structure, we allow for all admissible information structures. We
represent the information structure as a fictitious mediator and re-interpret
the model as a mechanism design problem for the committed mediator. We
construct examples to explain why new equilibrium outcomes can arise when
considering general information structures. Next, we apply our approach to
durable-good monopoly. In the seller-optimal mechanism, trade dynamics
and welfare substantially differ from those in the classical model: the seller
offers a discount to the high-valuation buyer in the initial period, followed
by the high surplus-extracting price until an endogenous deadline, when the
buyer’s information is revealed without noise. The Coase conjecture fails.
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1 Introduction

We study information structures in mechanism design problems with limited com-
mitment where, in each period, a principal offers a “spot” contract to a privately
informed agent without committing to future contracts. Durable-good monopoly is
a classical application and is also central in this paper: time is discrete, the horizon
is infinite, and, in each period, a seller (he) who owns a good and a buyer (she) may
trade. If they do, the game ends; otherwise, the game continues in the next period.
The buyer’s willingness to pay for the good is binary, is her private information,
and does not vary over time. With full commitment, the seller’s optimal long-term
mechanism takes the form of a perfectly rigid posted price (see, for example, Baron
and Besanko, 1984). That is, the seller sets a price for the good at the beginning
of the interaction, and the buyer buys in the initial period (resp., never buys) if
her willingness to pay for the good is above (resp., below) that price. Accordingly,
trade is inefficient, and both parties earn some ex ante surplus. With limited com-
mitment, the celebrated Coase conjecture (Coase, 1972) argues that the seller’s
rent is diluted relative to the full-commitment case. In particular, in the limiting
case of perfect patience, trade occurs at a price equal to the lowest buyer’s valu-
ation and with no delay; thus, trade is efficient. The Coase conjecture is formally
shown by Stokey (1981), Fudenberg, Levine, and Tirole (1985), and Gul, Sonnen-
schein, and Wilson (1986) for the case in which the seller can only post prices.
Some recent contributions observe that the standard model of mechanism de-
sign with limited commitment (such as that in the above papers) imposes an
implicit assumption on the players’ information structure. Thus, they study how
the conclusions change under alternative, but a specific class of, informational as-
sumptions. For example, Doval and Skreta (2022) consider the case in which, in
each period, the principal can garble the information input by the agent (namely,
her type report) in that period. In a durable-good monopoly example with two
periods, they show that it is not an equilibrium for the seller to post a price in
each period; thus, new equilibrium outcomes arise. When the time horizon is infi-
nite, however, Doval and Skreta (2021) show that the seller again finds it optimal
to post prices even if the contracts as in Doval and Skreta (2022) are available;

thus, the Coase conjecture survives. Brzustowski, Georgiadis-Harris, and Szentes



(2021) consider a class of long-term contracts, subject to the constraint that the
seller does not want to revise the offered contract in the future, reflecting the lim-
ited commitment nature of the problem. Their long-term contract determines the
entire sequence of allocations as a function of the buyer’s initial type report, but
without revealing any information to the seller other than that revealed through
each period’s trading outcome. In particular, the buyer’s initial report can affect
allocations in the future, simultaneously keeping the seller in the dark. With these
“smart contracts”, the Coase conjecture now fails: even in the limiting case of per-
fect patience, the seller can guarantee himself a non-vanishing expected revenue.!

As such, the recent literature points out that the information structure plays
a crucial role in the predictions of mechanism design with limited commitment
and, in particular, in the durable-good monopoly setting. Although each of the
above papers considers some specific classes of information structures and stud-
ies their implications, a more systematic study of the entire class of information
structures seems important. For example, whereas Brzustowski et al. (2021) show
that keeping the buyer’s type report undisclosed to a limited-committed seller can
be beneficial for the seller’s ex ante expected revenue, is this the only way in which
the seller deviates from the Coase conjecture? What is the optimal information
structure from the seller’s (or the buyer’s or the society’s) viewpoint? What about
efficiency properties? Our goal is precisely this systematic analysis of information
structures in mechanism design with limited commitment.

We begin by formalizing a general model of mechanism design with limited
commitment in which any information structure that satisfies the following con-
ditions is admissible. First, a player’s private information in the game remains
private whenever the player would like to do so. In the durable-good monopoly
application, without this restriction, the seller’s optimal information structure
would trivially be the one in which he knows the buyer’s willingness to pay. Sec-
ond, each period’s realized allocation is publicly observed in that period. In the
durable-good monopoly application, observability of whether trade happens and,

if so, at which price seems a natural assumption. Third, the contract chosen by

!The above discussion is about the “gap case”, in which the Coase conjecture holds in all
equilibria of the model with price-posting sellers. In the “no-gap case,” the Coase conjecture fails
even with posted prices if buyers use non-stationary strategies (Ausubel and Deneckere, 1989).



the principal in each period is publicly observed in that period. This assumption
is natural in many applications and also reflects the idea of limited commitment.

Our analysis allows for a rich class of admissible information structures. For
example, period-by-period noisy disclosure as in Doval and Skreta (2022, 2021)
and/or delayed disclosure as in Brzustowski et al. (2021) are possible, but so are
also more sophisticated history-dependent information structures.

After introducing our model, we construct three examples that explain why
the set of equilibrium outcomes can expand once we allow for general information
structures. Our examples identify three representative reasons for why this can be
the case: delayed disclosure of stored information; punishing a principal’s future
self who deviates to a non-equilibrium contract by deleting any planned disclosure
of stored information; punishing a principal’s current or future self who deviates
to a non-equilibrium contract by selecting a suboptimal continuation equilibrium.?

We identify equilibrium outcomes under all admissible information structures
building on the notion of (sequential) communication equilibrium of Forges (1986),
Myerson (1986), and Sugaya and Wolitzky (2021) (hereafter, FMSW). They con-
sider mediated communication in extensive-form games and establish various ver-
sions of revelation principle depending on the equilibrium concept of interest.
Roughly, these results state that any equilibrium outcome given any information
structure is attainable as an equilibrium outcome with the canonical informa-
tion structure (and viceversa). In the canonical information structure, in each
period: (i) a (fictitious) mediator (he) privately asks for each player’s informa-
tion and then privately recommends each player’s action for the period; and (ii)
players truthfully report their private information to the mediator and obey his
recommendation. In a sense, we apply the (sequential) communication equilibrium
notion to the setting in which one of the players is a limited-committed principal.

However, precisely that the principal is one of the players is the main challenge
we face. A naive application of the revelation principle in FMSW would imply
that, in the canonical information structure, the mediator recommends one of the
feasible contracts to the principal, and the principal prefers obeying to deviating
to any other contract. This statement, however, is not very useful in characterizing

possible outcomes because the set of feasible contracts is too large to be tractably

20f course, additional reasons may be possible.



handled. First, the revelation principle does not apply to the principal’s contract
space.® Potentially, the contract the mediator should recommend to the principal
in each period might be a very complex indirect contract. Second, the set of obedi-
ence constraints could be large for the same reason, and there is not much guidance
as to which (indirect) contracts would be relevant for potential deviation.*

To circumvent these challenges, we propose an indirect approach for the durable-
good monopoly application. First, we consider an auxiliary game in which the
mediator—not the seller—proposes an allocation in each period after he privately
asks for each player’s information at the beginning of that period. This outcome-
based approach avoids the complications related to the mediator’s contract rec-
ommendations to the seller as the set of allocations is much more well-structured
than the unrestricted set of contracts.

Second, we identify necessary conditions for outcomes to form an equilibrium
of the game. More specifically, in the durable-good monopoly application, we
focus only on the seller’s deviations to the constant contact that ends the game
by allocating the good to all buyers types at a price equal to the lowest buyer’s
valuation. To the extent that all the other obedience constraints are ignored, this
problem is a relaxation of the original problem and is much simpler to solve; we
interpret it as a form of relazed revelation principle (Theorem 1).

Third, we identify sufficient conditions for the outcomes satisfying the relaxed
problem to be equilibrium outcomes of the original game. We consider another
auxiliary problem where the seller’s deviation necessarily triggers reversion to the
Coasean outcome from that point on. Theorem 2 shows that this provides a lower
bound on the seller-optimal equilibrium outcome. Theorems 7 and 8 establish
what we call the mediated implementation result: the seller-optimal outcome in
this lower-bound problem is indeed attainable in the original problem. In Section
4.4, we also consider an alternative notion of implementation, unmediated imple-
mentation, where the seller—not the mediator—directly controls information as
in Doval and Skreta (2022, 2021)—crucially, however, not only to his next-period
self but also to his later selves—or as in Brzustowski et al. (2021). We establish

when mediated and unmediated implementation coincide.

3See Laffont and Tirole (1988) and Bester and Strausz (2000, 2001, 2007).
4To the best of our knowledge, this challenge is novel in the literature.



Our characterization of the seller-optimal mechanism in the durable-good monopoly

application, summarized by Theorems 3-6, uncovers the following results of eco-
nomic substance. First, the optimal information structure specifies when the
buyer’s private information is publicly revealed; until then, no information—except
whether a trade has occurred or not—is revealed. ® Second, in the seller’s optimal
mechanism, trade occurs with delay and is inefficient, even in the limiting case of
perfect patience, as opposed to what the Coase conjecture affirms.

Intuitively, delayed (but precise) information disclosure increases the seller’s
bargaining power. Relative to the case in which no such information arrives,
the seller’s incentive to offer a more aggressive price is stronger because even if
the buyer does not buy at that aggressive price, full extraction is still possible
once the time comes. Furthermore, once the seller becomes aggressive in some
period, he can also be more aggressive in the previous period as the buyer has less
continuation payoff conditional on no trading. In this sense, the aggressiveness
of each seller’s self is a “strategic complement” to each other. Indeed, except
for the initial period, the seller continues to offer a price equal to the highest
buyer’s valuation in every period until the time of revelation. This price pattern is
completely different from the classical pattern of decreasing posted prices: our case

may rather be interpreted as an initial “fire sale” followed by the rigid high price.

Related Literature. Our paper contributes to the literature on mechanism
design with limited commitment. The failure of the revelation principle is well-
known since the seminal contributions of Laffont and Tirole (1988) and Bester
and Strausz (2001), further developed in Bester and Strausz (2000) and Bester
and Strausz (2007). Bester and Strausz (2007) are the first to propose the medi-
ator approach based on Forges (1986) and Myerson (1986) to mechanism design
problems with limited commitment. In Bester and Strausz (2007), the game has
two periods, and the mechanism design is only in the initial period; in the second
period, the principal just selects an action from a given set. Therefore, the main
challenge we face in our long-horizon setting—mnamely, how to handle potentially

large sets of contracts for the principal, both on-path and off-path—does not arise.

5That the seller benefits from delayed information disclosure is consistent with Brzustowski
et al. (2021). However, our result shows that the seller can do better than in Brzustowski et al.
(2021)—even in the limiting case of perfect patience—and, moreover, that is the best possible.



This challenge also makes our problem a non-trivial application of the (sequential)
communication equilibrium notion of Forges (1986), Myerson (1986), and Sugaya
and Wolitzky (2021). As we briefly discuss in the conclusion, we believe that our
approach can be useful in other potential applications of (sequential) communica-
tion equilibrium in which some players’ action space is complicated.

Several papers study durable-good monopoly (or, equivalently, bargaining with
one-sided incomplete information) as a representative application of mechanism
design with limited commitment.® Classically, the literature of durable-good
monopoly implicitly assumes that the seller’s action is simply a price offer. The
(limited-committed) mechanism-design perspective adds by allowing for more gen-
eral contracts (Skreta, 2006; Doval and Skreta, 2022, 2021; Brzustowski et al.,
2021). In contrast to these papers, which consider specific classes of contracts
and /or information structures, we propose a more systematic treatment of them.

Our paper also relates to the literature that checks the robustness of the Coase
conjecture or documents its failure. For instance, Feinberg and Skrzypacz (2005)
show that higher-order uncertainty can generate delay in trading. Alternatively, a
monopolist could relax its commitment problem and increase its profit by renting
the good rather than selling it (Bulow, 1982), by introducing best-price provi-
sions (Butz, 1990), or by introducing new updated versions of the durable good
over time (Bulow, 1986; Levinthal and Purohit, 1989; Waldman, 1993, 1996; Choi,
1994; Fudenberg and Tirole, 1998; Lee and Lee, 1998).

Other studies have analyzed environments that preclude the market from fully
deteriorating. These include environments with capacity constraints (Kahn, 1986;
McAfee and Wiseman, 2008), with arrival of new traders (Sobel, 1991; Inderst,
2008b; Fuchs and Skrzypacz, 2010) or information (Daley and Green, 2020; Du-
raj, 2020; Lomys, 2021; Laiho and Salmi, 2021), with time-varying costs (Ortner,
2017), in which buyers’ valuations are subject to idiosyncratic stochastic shocks
(Biehl, 2001; Deb, 2014; Garrett, 2016), in which goods depreciate over time (Bond
and Samuelson, 1987), and in which demand is discrete (Bagnoli, Salant, and

Swierzbinski, 1989; von der Fehr and Kuhn, 1995; Montez, 2013).

60Other than durable-good monopoly, Liu, Mierendorff, Shi, and Zhong (2019) consider posted
prices in dynamic auctions, and Gerardi and Maestri (2020) consider repeated production.
Strulovici (2017) and Maestri (2017) study renegotiation with limited commitment.



Another approach to breaking the Coase Conjecture is to allow the seller to
intratemporally screen, e.g., by producing a variety, see (Wang, 1998; Takeyama,
2002; Hahn, 2006; Inderst, 2008a), or if buyers can exercise an outside option
(Board and Pycia, 2014). Recently, Nava and Schiraldi (2019) show that these re-
sults are consistent with the Coasean logic in the sense that the seller’s limit payoff
is the maximal static monopoly profit subject to the market-clearing condition.

In contrast to these papers, we consider the same basic game as in the classical

seminal contributions. Instead, we examine alternative information structures.

Outline. In Section 2, we present the general model. In Section 3, we provide sev-
eral examples to motivate our approach to mechanism design with limited commit-
ment. In Section 4, we study the durable-good monopoly application. In Section

5, we conclude. Omitted proofs and additional details are in the Appendices.

2 Model

Primitives. There are three players: a principal (he), an agent (she), and a medi-
ator (he).” Time is discrete and periods are indexed by t € T := {0, ..., T}, where
2 <T <oo. Let To:==T\{0} and 77 :== T \ {0,1}. At the beginning of period
t = 0, the agent observes her private information (type) 0 € ©, which is distributed
according to a full-support probability distribution pu. The agent’s type does not
change over time. Each period t € 7, as a result of the interaction between the
players, an allocation a; € A; is determined; the set of admissible allocations may
be time dependent—hence, its dependence on t. Each allocation set A; contains
the element &, corresponding to the non-participation allocation. For all ¢ € 7y, let
Al = x'_, A, be the set of all allocation sequences of the form a' := (a,)._,. For
all t € 71, there is a correspondence A,: A*™! = A, such that, for all a'~! € A1,
Ai(a'™') € A; describes the set of all allocations that the principal can offer in
period t given the allocations he has offered through period ¢ — 1. This allows for
the case in which past allocations restrict what the principal can offer the agent

in the future. We assume that @ € A;(a'™!) for all t € 71 and '~ € A1

The set of all payoff-relevant pure outcomes of the game is © x AT. The

"We focus on the single-agent case throughout the paper, but there is no conceptual difficulty
in extending the model to more agents (indeed, the example in Section C.2 considers two agents).



principal’s (resp., agent’s) preferences are represented by a bounded payoff func-
tion Up: © x AT — R (resp., Us: © x AT — R). The mediator is indifferent
over payoff-relevant pure outcomes—that is, his preferences are represented by
a constant payoff function Uy;: © x AT — R. All players are expected-payoff
maximizers. Thus, the mediator can commit to any strategy.

In each period t € 7o, the principal offers a spot contract Cy == (M;, ay) to the
agent, where: (i) M, is a set of input messages to the contract; (i) oy : My — A(A)
is an allocation rule. We write a;(my) for the probability distribution on A; when
the input message to the contract is m; and ay(a; | m;) for the probability of allo-
cation a; when the input message to the contract is m;. We endow the principal

with a class of input message sets M = {M"}.__. where Z is an index set; each M*

i€
contains element @, interpreted as non-participation message. For all t € Ty, let
C, = {C = (My, ) € M x A(A)M = (D] D) = 1, (| my) = 0 for all m, #
J} be the set of all admissible spot contracts in period t. Let C = {Ci},.5. be the
set of all admissible spot contracts. Finally, for all ¢ € Ty, let M' = x!_; M and
C! := x!_,C,. Hereafter, we refer to spot contracts simply as contracts.

In period t = 0, the agent has a set of possible private reports to send to the
mediator, denoted by R, with |R| > |©|. In each period t € 7y, the principal (resp.,
the agent) has a set of possible private signals to receive from the mediator, de-

noted by Sp; (resp., Sa:). For all t € T, let S% == x!_,Sp, and S% = xL_, Sy ..

Timing. The timing of events within period ¢t = 0 is the following:

0.1 The agent privately observes her type 6 € ©.

0.2 The agent sends a private report r € R to the mediator.
The timing of events within each period ¢ € 7, is the following:

t.1 The mediator sends a private signal sp; € Sp; to the principal.

t.2 The principal offers a contract C; € C; to the agent with the the following

property: if ¢ = 1, then, > a(ag|my) = 1 for all my € My; if t € Ty,

at€AL

then ZateAt(at_l) ai(a; |my) =1 for all my € M,.

t.3 After both the mediator and the agent observe C}, the mediator sends a

private signal s4; € Sa; to the agent.

t.4 The agent sends input message m; € M, to the contract, where m; is ob-



served by the mediator, but not by the principal.

t.5 An allocation a, is drawn from oy (m;), the allocation a; is publicly observed,

and the game proceeds to the next period.
For all t € T and n € {1,...,5}, we refer to t.n as “stage t.n” of the game.
Histories. For all ¢t € T, and n € {1,...,5}, we denote by h"" a history at the
beginning of stage t.n and by H®" the set of all such histories. Then, we have
HO' = {0}, H*? =0, H'' =0 x R, H*? =0 x Rx S5, H'3 =0 x Rx S5, xC!,
H"Y =0 xRxS5ExC'x Sy, H'Y =0 x RxSE5ExCx Sy x M, and, for all t € Ty,

H'=0xRxSExCtx ST x Mt x AT
H"?=0x Rx SLxC™ xSy x M7t x A1
H"? =0 x Rx SH xC x S x M1 x A
H** =0 x Rx S4L xC' x 8% x M7t x A1

and H® =0 x Rx SL xC'x S x M"x A1,

For all t € Ty, we denote by A a history at the end of period ¢ and by H* the sets
of all possible such histories, with H* = © x R x SL x C' x S% x M! x A'. We

denote by H” the set of all terminal histories of the game.

Information Sets. For all i € {P,A, M}, t € T, and n € {1,...,5}, let hl"
denote player i’s information set at the beginning of stage t.n and by H!™ the set

of all such information sets.®

Mediated Contract-Selection Game. The above defines an extensive-form
game, which we dub the mediated contract-selection game (hereafter, MCS game)

and denote by G. Game G is common knowledge among the players.

Strategies. A behavioral strategy for the principal is a collection of functions
op = (0352)?:1, where ob?: H:? — A(C;). A behavioral strategy for the agent
is a collection of functions o4 = (a%z, (‘724)3:1)’ where ¢%2: H}? — A(R) and

ol H4Y — A(M,;). A behavioral strategy for the mediator is a collection of

8In particular, we have: H}? is the projection of H'2 on S} and, for all t € Ty, H5? is
the projection of H*2? on St x C'=1 x A'=1; H9? = H%2? HY* is the projection of H'* on
Ox RxClx S, and, for all t € Ty, H? is the projection of H"*4 on © x RxC!x St x M?~1x A~ 1;
Hj;' is the projection of H'"! on R, H}; is the projection of H!3 on R x S x C!, and, for all
t € Ti, HL} is the projection of H*' on R x S x '~ x S x MP~1 x A'=! and H} is the
projection of H'3 on R x S% x Ct x S71 x MI~1 x A1

10



functions oy, == (0}, af\f)thl, where %] : Hif — A(SF) and o3 HEP — A(S]).
A profile of behavioral strategies is o :== (op,04,0)-

A prior 4 and a profile of behavioral strategies ¢ induce a probability distribu-
tion over payoff-relevant pure outcomes. We extend players’ payoff functions from
payoff-relevant pure outcomes (9, aT) € O x AT to outcomes v € A(@ X AT) in
the usual way. We denote by Up(v) (resp., Ua(v)) the principal’s (resp., agent’s)

ex ante expected payoff at the beginning of the MCS game under outcome v.

Beliefs. A principal’s belief is a collection of functions Sp = (ﬁf_-;z)tT:l, where

2. H:* — A(H"?). Similarly, an agent’s belief is a collection of functions 34 =
< 02, ( f44)tT:1>, where 892: HY? — A(H®?) and g%*: HY* — A(H™*). Since
there are no optimality conditions on the mediator’s strategy, there is no need to

introduce beliefs for the mediator. A belief system is a pair 5 := (8p, 54).

Solution Concept. We refer to a profile of behavioral strategies and a belief
system (o, 5) as an assessment. The equilibrium notion we adopt is weak perfect
Bayesian equilibrium (hereafter, wPBE). An assessment (o, #) is a wPBE of G if:
(i) op (resp., 04) is sequentially rational given (o, 04) (resp., (oa,0p)) and ;
and (ii) B is on-path consistent given o (i.e., satisfies Bayes’ rule where possible).

Our wPBE notion does not restrict the belief system out of the equilibrium
path. However, all the wPBEs we study in this paper do not rely on “pathologi-
cal” or ad hoc specifications of the belief system out of the equilibrium path. In
particular, once our games are appropriately discretized in a way that they become
finite games, the wPBEs we construct can be sustained as sequential equilibria.

We say that v € A(© x AT) is a wPBE outcome of G if there is a wPBE (o, 3)
of G that (together with ) induces v. We denote by & (resp., O) the set of all
wPBEs (resp., wPBE outcomes) of G.

Notation and Terminology. A contract C; € C; is constant if, for some a; € Ay,
we have ay(a; |my) = 1 for all my € M, \ {@}. A contract Cy € C; is direct if
M; = {@} UO. Suppose € # 0 and that arg max, ., Up(v) # 0; we say that v* €
A(O x AT) is a principal-optimal wPBE outcome of G if v* € argmax, . Up(v).

Discussion. Our approach to mechanism design with limited commitment builds
on the notion of (sequential) communication equilibrium in multistage games with

communication (Forges, 1986; Myerson, 1986; Sugaya and Wolitzky, 2021, here-

11



after FMSW). As in that literature, we interpret the mediator as a fictitious player
who has commitment power and designs the entire information structure of the
game. We follow this approach because, by the revelation-principle results in
FMSW (several versions depending on the specific solution concept), any admis-
sible information structure of the underlying multistage game without a mediator
and its equilibrium outcome can be represented by the mediated version of that
game and its corresponding equilibrium outcome (and viceversa).

We call an information structure admissible if it satisfies the two following con-
ditions. First, the agent’s type remains private unless the agent wants to disclose
it. Second, the exogenously given basic game—hence, the extensive form and the
principal’s limited commitment—is respected; in particular, in each period, the

contract chosen by the principal and the realized allocation are publicly observed.

3 Motivating Examples

We construct three examples to motivate the mediator approach to mechanism
design with limited commitment. The examples show that the set of all wPBE
outcomes under our approach can be larger than that under the alternative ap-

proaches in the literature. We identify three reasons for why this can be the case.’

1. Information Storage and Delayed Disclosure. In the MCS game, the me-
diator can store information—in particular, the agent’s report to the mediator—
and disclose it to the principal only in the future. Example 1 in Section 3.1 shows
that the principal’s ex ante expected wPBE payoff under information storage and
delayed disclosure can be greater than that when a given period’s information can

only be either (noisily) disclosed in the current period or never disclosed.

2. Deletion of Stored Information. In the MCS game, the information pro-
vided to the principal’s future selves can depend on their contract choices. In
particular, the mediator can punish a principal’s deviation to a non-equilibrium
contract by deleting any planned disclosure of stored information. Example 2 in
Appendix C.1 shows that the deletion of stored information is an effective threat

to prevent a principal’s deviation. As a result, the principal’s ex ante expected

90f course, additional reasons may be possible.
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wPBE payoff can be greater than that when such punishments are not possible.

3. Equilibrium Multiplicity and Equilibrium Selection. In the MCS game,
continuation equilibrium selection can depend on the principal’s contract choice.
In particular, the mediator can punish a principal’s deviation to a non-equilibrium
contract by suboptimal equilibrium selection. Example 3 in Appendix C.2 shows
that suboptimal continuation equilibrium selection is an effective threat to prevent
a principal’s deviation. As a result, the principal’s ex ante expected wPBE payoft

can be greater than that when such punishments are not possible.

3.1 Example 1

Let 7 = {0,1,2,3}. The principal is a seller who owns one unit of a durable,
indivisible good to which he assigns value 0 (normalization). The agent is a buyer
whose private type § € © = {1,2} corresponds to her valuation for the good. Let
W= 1% be the probability that § = 2 at t = 0. If the buyer participates in period t,
an allocation for the period is a pair (z;, p;) € {0, 1} xR, where z; indicates whether
the good is traded (z; = 1) or not (z; = 0) and p; is a transfer from the buyer
to the seller. If z; = 1 for some ¢ < 3, by convention, allocation (z.,p,) = (0,0)
is implemented for all 7 € T with 7 > t. Thus, the allocation set in period ¢ is
Ay = {2} U ({0,1} x R). If a; = &, the seller’s and the buyer’s flow payoffs are
0; if a; = (¢, py), flow payoffs are Oz, — p; for the buyer and p, for the seller. The
seller and the buyer share a common discount factor § = % The seller’s and the

buyer’s payoffs, Up(6,a) and Us(6,a), are the discounted sum of flow payoffs.

Information Storage and Delayed Disclosure. The following events occur in
a seller-optimal wPBE outcome the MCS game:'°
e Period t = 0. The buyer truthfully reports her type 6 to the mediator.

e Period t = 1. The mediator recommends to the seller to offer a menu with

two options: (i) trade with probability 1= at price 33; (ii) do not trade. The

mediator recommends to type # = 2 to choose option (i) and to type 6 = 1

to choose option (ii). The seller and the buyer obey.

e Periodt = 2. If no trade has occurred, the mediator recommends to the seller

10Gee Section 4 and Appendix H for the complete equilibrium characterization.
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to offer a menu with two options: (i) trade with probability 1 at price 2; (ii)
do not trade. The mediator recommends to type 6 = 2 to choose option (i)

and to type # = 1 to choose option (ii). The seller and the buyer obey.

e Period t = 3. If no trade has occurred, the mediator fully discloses the
buyer’s type report 6 to the seller. The seller offers to trade at price 6 and
type 0 trades with probability 1 at price 6.
The mediator’s key role in this wPBE is to store the buyer’s report in period t =
0 and fully disclose it in period ¢t = 3 to the seller. The mediator’s recommendation
to the seller in periods t = 1 and ¢ = 2 does not depend on the buyer’s report.
To clarify the role of information storage and delayed disclosure, we contrast
the previous wPBE outcome with a seller-optimal wPBE outcome of the game in
which a given period’s information can only be either (noisily) disclosed in the cur-
rent period or never disclosed. The following events occur in a seller-optimal wPBE

outcome of the game studied by Doval and Skreta (2021) (hereafter, DS game):

e Periodt = 1. Type 6 = 2 trades with probability g at price 7, while type

1
6 = 1 does not trade.

e Period t = 2. If no trade has occurred, type 8 = 2 trades with probability 1
at price %, while type 8 = 1 does not trade.

e Period t = 3. If no trade has occurred, both types trade with probability 1
at price 1.
Let x¢; (resp., xp:) denote the probability with which type # = 1 (resp.,
6 = 2) trades in period ¢; moreover, let py; (resp., pn:) denote the transfer from
type 0 = 1 (resp., 8 = 2) to the seller conditional on trade in period ¢. The next

table summarizes the seller-optimal wPBE outcomes of the MCS and DS games.

Period t =1 Period ¢t = 2 Period ¢t = 3

Te1 | Pe1 | Tha | Pha | Te2 | Pe2 | Th2 | Ph2 | 43 | Pe,3 | Th3 | Ph3
MCS Game 0 0 g—i 0 0 1 1 0 0
DS Game 0 0 1 0 0

10 515
O~ ’O_O"H

Nl | DN
—_

7
Lo |0

In both wPBE outcomes, type # = 2 trades with positive probability over
multiple periods, whereas type 6 = 1 trades only in the last period. Crucially,
however, price paths and trade probabilities are different in the two wPBEs: first,
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the price path is not decreasing over time in the MCS game, whereas it is so in
the DS game; second, the probability of trading in period ¢t = 1 (resp., t = 2) is
greater (resp., less) in the MCS game than in the DS game.

The intuition behind the different equilibrium dynamics is the following. In
the MCS game, in period t = 3, the seller can fully extract the surplus from the
transaction thanks to the mediator’s disclosure of the buyer’s type report (made in
period ¢ = 0). Such surplus extraction is not possible without information storage.

In period t = 2, the seller offers price 2 in the MCS game and price % in the
DS game. In the MCS game, the seller has no incentive to lower the price below 2
because, even if type # = 2 does not buy the good, the seller can still sell the good
at price 2 in period t = 3 thanks to the mediator’s disclosure of the buyer’s type
report. Since the seller’s (posterior) belief that § = 2 at the beginning of period t =
2 is less than %, the ability to store information and delay its disclosure to the seller
is crucial to sustain a price of 2. Without such ability, sequential rationality would
require the seller to post a price equal to 1 whenever his (posterior) belief that § = 2
at the beginning of period ¢ = 2 is less than % In other words, information storing
and its delayed disclosure increase the seller’s bargaining power in period ¢t = 2.

In period t = 1, in the MCS game, the price is lower, but the probability of
trade is greater, than in the DS game. The probability of trade in the DS game
must be small enough for the seller’s (posterior) belief that §# = 2 at the beginning
of period t = 2 to be no less than % Only when this occurs the seller can sell
to type # = 2 at a price greater than 1; otherwise, sequential rationality would
require the seller to sell to both types with probability 1 at price 1.

The seller’s ex ante expected payoff in a seller-optimal wPBE outcome of the

MCS game is Up = ,u(z;?:l 6" apapng) + (1 — M)(Z?:l 0" weapes) = 550 and

in a seller-optimal wPBE outcome of the DS game is (71’5 = ,u( Zle §t_1xh7tph,t) +
(1-— u)(Zle 5t*1xg7tpg’t) = %. Since U} — f]\jf—, = 2—10 > 0, information storage

and delayed disclosure are beneficial from the seller’s ex ante viewpoint.

4 Durable-Good Monopoly

We apply the mediator approach to mechanism design with limited commitment to

the durable-good monopoly problem. The setting is as in Section 3.1, with the fol-
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lowing generalizations: the time horizon is infinite (7" = 00); the common discount
factor is 0 € (0,1); the buyer’s private valuation for the good is 6 € © = {6y, 6,},
where 0 < 6, < 0y; the probability that 0 =0, at t =0 1is u € (9" 1)

Hereafter, G refers to the durable-good monopoly MCS game and £ (resp., O)
to all its wPBEs (resp., wPBE outcomes). Finally, we denote by 7 = (6, 0y, 0y, 11)

the vector of exogenous parameters of the model.

Section Outline. We present our indirect approach to characterize the set O in
Section 4.1. We characterize a seller-optimal wPBE outcome of G in Section 4.2

and discuss its mediated and unmediated implementation in Sections 4.3 and 4.4.

4.1 Indirect Approach

To characterize the set O, we could rely on (some versions of) the revelation prin-
ciple in FMSW. Informally, when applied to our setting, the FMSW revelation

principle says that it is without loss to assume the following:

1. In period t = 0, the buyer’s report to the mediator is her type, i.e., R = ©.

2. In each period t € Ty: the mediator’s signal to the seller is a recommendation
of an admissible contract, i.e., Sp; = C;; the mediator’s signal to the buyer

is a recommendation of an input message to the contract, i.e., Sy, = M,.

3. In period t = 0, the buyer truthfully reports her type to the mediator; in each
period t € Ty, the seller and the buyer obey the mediator’s recommendation.

The revelation principle in FMSW simplifies the characterization of the set O
relative to the original setting in which any indirect reports and signals are al-
lowed. However, its literal application is still challenging. In particular, when the
set of admissible contracts C is large, there are two challenges: (i) identifying the
sequence of contracts that the seller offers on the equilibrium path; and (ii) veri-
fying the seller’s obedience to the on-path contracts for all possible deviations to
off-path contracts. We circumvent these issues by following an indirect approach

based on the insights we develop in the remaining part of this section.

UWhen p < < , a fully committed seller would post price 6; and trade with both types in pe-
riodt = 1. Thlb is albo a seller-optimal wPBE outcome of the durable-good monopoly MCS game.
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4.1.1 Outcome-Based Approach

We represent any outcome of G by a sequence of trade probabilities and expected
transfers (x, p) = (Tes, Thyt, Deg, Phot)sey, Where gy (vesp., xp;) denotes the proba-
bility with which the seller trades with type 6, (resp., 05) in period ¢, and py (resp.,
ph,t) denotes the expected transfer from type 6, (resp., 65) to the seller in period ¢.
To form an outcome of G, a sequence (x, p) must satisfy the obvious feasibility con-
straints: xx; > 0forall k € {¢,h} and t € Ty, and Y~z < 1 for all k € {¢, h}.

Given an outcome (x,p):

e For all k € {{,h}, we denote by x).(x,p) the probability with which type

0y trades in period t in outcome (x, p) conditional on no trade before.

e For all k € {{,h}, we denote by pj+(x,p) the expected transfer from type

0y, to the seller in period ¢ in outcome (x, p) conditional on no trade before.

e We denote by C(z, p) = (Ci(x, p)),-, the sequence of direct contracts corre-

sponding to outcome (x, p). That is, Ci(x, p) is the direct contract allocating

(1, pre(x,p)) with probability xy.(x, p)

(x4, 0) = . .
(0, pre(x,p)) with probability 1 — zy+(x, p)

if the input message to the direct contract is 8y, for all k € {¢, h}.
Thus, one can think of the mediator’s strategy as directly recommending
outcomes—or, equivalently, direct contracts to the seller and type reports to the

direct contract to the buyer—instead of sending signals to the seller and the buyer.

4.1.2 Upper-Bound Problem

Let C* denote the constant contract allocating (z,p) = (1,6,). To form a wPBE
outcome of G, an outcome (x,p) must be such that: (i) the buyer’s incentive
compatibility constraint when sending a report to the mediator in period ¢ = 0
is satisfied; (ii) in each period t € Ty, the buyer’s expected continuation payoff is
non-negative; (iii) in each period ¢ € 7y, the seller’s expected continuation payoff
is non-negative; (iv) in each period ¢t € 7T, such that trade has not yet occurred,
the seller’s expected continuation payoff must be no less than that from ending
the game by offering the constant contract C* in period t. Requirements (i)—(iii)

are obvious. To understand requirement (iv), it is enough to note that, in any
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wPBE of G, if trade has not yet occurred by period ¢ and the seller offers contract
C* in period t, both buyer types accept the contract, and the game ends.
The next theorem formalizes the previous discussion by identifying necessary

conditions on outcomes (x, p) to form a wPBE outcome of G.

Theorem 1 (Upper-Bound Problem). Consider any (x,p) € O. Then, there
exists (o, 3) € € that induces (x, p) and satisfies the following conditions:

1. For all 6,6 € ©, at information set h%? = {0}, the buyer’s expected contin-

uation payoff by playing ¢%2(#) is at least as high as that by playing 0%2(¢’).

2. For all t € Ty and R4t € H%*, the buyer’s expected continuation payoff is

non-negative.

3. For all t € Ty and h%:? € HE?, the seller’s expected continuation payoff is

non-negative.

4. For all t € Ty and h%s? € HE? such that trade has not yet occurred by period
t, the seller’s expected continuation payoff is not less than that from ending

the game by offering the constant contract C* in period t.

Relaxed Revelation Principle. The outcome-based approach and Theorem 1
together can be interpreted as a relaxed revelation principle. They allow us to
characterize candidate wPBE outcomes by solving a problem that is a much sim-
pler relaxation of the original problem. First, the space of all outcomes is much
more well-structured than the unrestricted set of all admissible contracts C. Sec-
ond, the set of incentive compatibility and obedience constraints is much smaller;
in particular, for the seller’s obedience, we can focus only on deviations to the

constant contract C?, ignoring all the other obedience constraints.

4.1.3 Lower-Bound Problem

For all i € (0,1), let (z°(2), p®(iz)) denote the Coasean outcome of G when the
seller’s initial belief that 8 = 6, is fi. That is, (x°(1), p°(iz)) is the outcome that
would arise in the essentially unique equilibrium of G in which the mediator repli-
cates the information structure in Doval and Skreta (2021) when the seller’s initial
belief that § = 6, is fi. Moreover, let C(x¢(f1), (1)) = (Ci(x(@1), p(11))),=, be

the corresponding sequence of direct contracts.
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The next theorem identifies sufficient conditions on outcomes (x,p) to form a
wPBE outcome of G. Let HY* be the projection of H'* on RxC!x S, and, for all
t € T, let H{* be the projection of H** on RxC!x St x M1 x A**. Forallt € Tg,
we denote by h'i* a typical element of H;*. Note that H* = © x H4* for all t € T.

Theorem 2 (Lower-Bound Problem). Consider an outcome (x,p) of G and let
(0, B) be an assessment of G that induces (x,p) and such that /5 is on-path con-
sistent given o. Suppose that the following conditions hold:
1. For all 6,0 € ©, at information set h%? = {0}, the buyer’s expected contin-
uation payoff by playing 0%2(9) is at least as high as that by playing 0%2(¢’).

2. For all t € Ty and h' € H%Y, the buyer’s expected continuation payoff is

non-negative.

3. Forallt € Tg, 0,0 € © and hy* € H*, at information set hl{* = (9, hff),
the buyer’s expected continuation payoff by playing o%* (0, hi‘*) is at least
as high as that by playing o%* (¢, hff).

4. For all t € Ty and hi? € HE? the seller’s expected continuation payoff is
not less than that he would obtain by offering the sequence of contracts
C(x°(pe), p¢(t)) thereafter, where pu; is the seller’s belief that 6 = 6, at ht?
derived from (o, 5).

Then, (0,0) € £ and (x,p) € O.

Conditions 1 and 2 in Theorem 2 correspond to conditions 1 and 2 in Theorem
1. Condition 3 in Theorem 2 requires the buyer’s incentive compatibility constraint
when sending an input message to the contract to be satisfied in each period. When
conditions 1-3 in Theorem 2 hold, the buyer’s sequential rationality follows.

Condition 4 in Theorem 2 says that if an outcome satisfies the seller’s obe-
dience with respect to deviations to contracts C(x®(ut), p®(1¢)), then the seller’s
sequential rationality follows. To see why it suffices to focus on such deviations,

consider the following mediator’s strategy at any t € To:

e Stage t.1: the mediator recommends the direct contract Cy(x, p) to the seller.

e Stage t.3: (i) if the seller offered contract Cy(x, p) at stage ¢.2, the mediator
recommends the buyer to participate and truthfully report her type; (ii) if the
seller offered contract C; # Ci(x, p) at stage t.2, the mediator reverts to the
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replication of the essentially unique equilibrium outcome in Doval and Skreta

(2021), in which the seller can do no better and no worse than if he could only

set prices in each period, and so the Coasean outcome obtains thereafter.
Given the mediator’s strategy, the seller’s most profitable deviation in period ¢ is to
the sequence of contracts C(x°(u¢), p©(1:)). If an outcome (z, p) satisfies condition

4 in Theorem 2, it also satisfies the necessary conditions 3 and 4 in Theorem 1.

Mediated Implementation in Direct Contracts. The outcome-based ap-
proach and Theorem 2 together can be interpreted as mediated implementation
in direct contracts. They allow us to characterize wPBE outcomes by solving a
problem that is simpler than the original problem. In particular, for the seller’s

obedience, we can focus only on deviations to a well-defined sequence of contracts.

4.2 Seller-Optimal wPBE Outcomes

We denote by Uy, the seller’s ex ante expected payoff in a seller-optimal wPBE out-

come of G. Moreover, we denote by R™™ the set of all sequences with values in R™.

Upper-Bound Problem. By Theorem 1, to find a candidate for a seller-optimal

wPBE outcome of G, it suffices to solve the following linear program:

t=1 t=1

st. x>0 VEeT, (F1)
1 Z er’t <F2)
t=1

1>y, (F3)

Z gt (Opxor — pot) > Z 5t71(9z$h,t — Dhyt) (1CE)

t=1

Z5t HOntne — pi) > Z HOnzes — pes) (ICh)
=1 =1

> 6T (Opres — pre) 20 V7 E TS (IR()
t=r1

Z(St thht—pht) >0 VTE% (IRh)
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T—1 00
1 ( > Oni+ Y 5t—7ph,t> (00)
t=1 t=1

T7—1 o]
+ (1 — ) (Z Qo + Zét_sz,t> >0, VT eT,.
t=1 t=T1

The inequalities (F1)—(F3) are the feasibility constraints. The inequalities (IC/)
and (ICh) are the buyer’s incentive compatibility constraints in period t = 0 (con-
dition 1 in Theorem 1). The inequalities (IR/) and (IRh) are the buyer’s individual
rationality (or participation) constraints for all 7 € 7y (condition 2 in Theorem
1). The inequalities in (Of) are the seller’s obedience constraints for all 7 € Ty
with respect to the deviation to contract C* (condition 4 in Theorem 1). The
inequalities in (Of) also ensure that the seller’s expected continuation payoff is
non-negative for all 7 € 7, (condition 3 in Theorem 1).

In Appendix B, by using linear programming duality arguments, we solve the

linear program (P1) and establish the following result.

Theorem 3 (A Candidate for a Seller-Optimal wPBE Outcome). The following
characterizes a candidate for a seller-optimal wPBE outcome of G. For all § € (0, 1)

and p € (3—2, 1), there exists a positive integer T > 2 such that:'?

1. The game ends in period t = T.
2. Type 6, trades only (and with probability 1) in period t = T at price 6.

3. Type 6, trades with positive probability in all periods ¢t € {1, T — 1} at

price 0, except for period ¢ = 1, when he trades at price in (6, 6;).

4. As§ > 1, T — .

Hereafter, we denote by (x*, p*) the solution to program (P1) we describe in
Theorem 3 and characterize in Appendix B. At (x*, p*) of G, the Coase conjecture

fails, as the following theorem formalizes (see Appendix D for the proof).

Theorem 4 (Failure of the Coase Conjecture). For all u € (g—i, 1), at the solution
(x*, p*) to program (P1), as 6 — 1:

1. The seller’s ex ante expected payoff is bounded away from 6,.

2. The outcome is bounded away from first-best efficiency.

12The value of T as well as that of all the other endogenous variables depend on the model’s ex-
ogenous parameters . Hereafter, we omit such dependence from the notation unless it is needed.
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3. If, in addition, 6, — 0, the seller’s ex ante expected payoff converges to the

commitment payoff.

Lower-Bound Problem. Let U&(fi;0) denote the seller’s expected payoff from
contracts C(x(f1), p€(f1)) when the seller’s initial belief that § = 6}, is i. Moreover,
let (x,p) = (Tey, Tnyt, Do, Phyit)ye, be an outcome of G. For all 7 € Ty, let

7—1
(1 - xh,t)#
t=1

e = (-5 ) a-n+ (1- S "

t=1

be the seller’s belief that § = 6, at the beginning of stage 7.2 under outcome (x, p).
Thus, under outcome (x,p), US(u.- (2, p);d) corresponds to the seller’s expected
continuation payoff at stage 7.2 from contracts C(x°(u.(x, p)), p(u-(x, p))).

By Theorem 2, if (x*, p*) also satisfies the following constraints

o0

> 8T (Oery, — pi) = (B — P ( Zwe t> vreTo, (ICe)

t=1

o0

Z 6t_7(9hx2,t - pz,t) 2 <0hx27 pET < th t> VT € 767 (ICh/)

t=1

(Z Up(ur (2", p*); )2}, + Zét-fp;z,t> (0)

t=T1
—u)(ZUf»(uT z*,p") fffu+25t Tﬁu) > Up(p-(x*,p*);0) V71 €T,
t=1

then (x*, p*) is a seller-optimal wPBE outcome of G. The inequalities in (IC¢') and
(ICH’) are the buyer’s incentive compatibility constraints for all 7 € Ty (condition
3 in Theorem 2). To understand the right-hand side of the inequalities in (IC/')
(resp., (ICh")), note that if type 6, (resp., 6),) deviates in period 7, then in period
741 the mediator can disclose the buyer’s true type to the seller, who then extracts
the full surplus; as a result, type 6,’s (resp., 6;’s) payoff from deviating is at most
Oer}, . — ph - (vesp., Oy . —p; ). The inequalities in (O) are the seller’s obedience
constraints at stage 7.2 for all 7 € 7y with respect to the deviation to offering
contracts C(x®(u.(x, p)), p(p-(x,p))) thereafter (condition 4 in Theorem 2).

In Appendix E, we show that (x*, p*) satisfies constraints (IC¢') and (ICH).

Moreover, we also show that, for all § € (0, 1), there exists 7i(J) € (g—i, 1) such
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7
7 > 2. Hence, for all 7 € 7; such that min { Z;_ll Tyt Z;_ll xh,t} < 1, we have

that, for all pu € (g—ﬁ,ﬁ(é)}, pe(x*, p*) < 0—2, and so u.(x*,p*) < g—ﬁ for all

Ug(pr(x*,p*);0) = 0y. Therefore, since (x*, p*) satisfies constraint (O/f), it also
satisfies constraint (O) for all 7 € 7. Moreover, since (x*,p*) maximizes the
seller’s ex ante expected payoff in the relaxed upper-bound problem (P1), it also

satisfies constraint (O) in period 7 = 1. The next theorem follows.

Theorem 5 (A Seller-Optimal wPBE Outcome). For all 6 € (0, 1), there exists

() € (g—i, 1) such that, for all p € <g—fb,ﬁ(6)}, (x*,p*) is a seller-optimal wPBE

outcome of G. Moreover, 1i(9) satisfies the following properties: (i) fi(9) is decreas-
¢

ing in 6; (ii) 72(6) — 1 as 0 — 0; and (iii) 7z(0) is bounded away from - as 6 — 1.

For p > 7(6), (x*,p*) need not satisfy constraint (O), as it can be that
Ug(po(x*, p*);8) > 0,. However, in Appendix F we show that a sufficient condition

for (x*, p*) to satisfy constraint (O) is that it satisfies the following constraint:

T—1 ]
u( (0 + (O, + Y 6”p7;,t) (O')
t=1

t=1

T—1 00
+(1=p) (Z O, + Z 5t_TpZ,t) > 0+ pe(6) VreT,
t=1 t=1

where €(6) = Ug(f1;6) — 6, and [ is some (well-chosen) element of (g—i, 1>. By
the Coase conjecture, as 6 — 1, Up(f1;0) — 6y, and so €(0) — 0; that is, as 6 — 1,
constraint (O’) converges to constraint (Of) in program (P1).

Next, consider the following linear program:

@meri= F ( > 5t‘1ph7t> =) (Z 5“%) (P2)

t=1 t=1

st. (F1),(F2), (F3), (ICO), (ICh), (IR¢), (IRR), (ICL), (ICH), (O").

Denote by UE?(m) the optimal value of the linear program (P2). Since con-
straint (O’) is more demanding than constraint (O), we have that Ub?(7) < U}
for all 6 € (0,1). In Appendix G, we characterize a solution to program (P2),
which we denote by (x*(d),p*(d)), and establish the following theorem.

Theorem 6 (A Seller-Approximately Optimal wPBE Outcome). For all u €
(7i(6), 1), as 6 = 1: (i) (*(3),p"()) = (a*,p"), and (ii) UR2(r) = Uj.
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By Theorems 4-6, the Coase conjecture fails at the seller-optimal mechanism.

Discussion. Our characterization of the seller-optimal information structure un-
covers the following results of economic substance. In general, the seller finds it op-
timal if the information input by the buyer arrives precisely (i.e., without garbling)
but with delay. Formally, the optimal information structure specifies an endoge-
nous deadline T at which the buyer’s private information report is made public; un-
til then, no information—except whether a trade has occurred or not—is revealed.

Intuitively, delayed (but precise) information disclosure increases the seller’s
bargaining power. Relative to the case in which no such information arrives, the
seller’s incentive to offer a more aggressive price is stronger because even if the
buyer did not buy at that aggressive price, full extraction would be possible once
the time comes. Furthermore, once the seller becomes aggressive in some period,
he can also be more aggressive in the previous period as the buyer has less con-
tinuation payoff conditional on no trading. In this sense, the aggressiveness of
each seller’s self is a “strategic complement” to each other. Indeed, except for the
initial period, the seller offers the high, surplus-extracting price until the time of
revelation.

As a result, equilibrium prices are different from the classical pattern of de-
creasing prices: our case may be interpreted as an initial “fire sale” followed by the
rigid high price. Even in the limiting case of perfect patience, the seller extracts
surplus from trade and trade is not efficient. Thus, we identify a novel reason why

the Coase conjecture can fail.

4.3 Mediated Implementation

Let C(x*, p*) = {Ci(x*, p*) }32, be the sequence of direct contracts corresponding

to outcome (x*, p*). Then, we have the following.

Theorem 7 (Mediated Implementation of (x*,p*)). Suppose pu € (g—f;,ﬁ(é)]‘
Then, there exists a wPBE of G which satisfies the following properties:

1. The two buyer types fully separate from each other at stage 0.2.
2. The seller and the buyer always obey the mediator’s recommendations.

3. For all t € Ty: at stage t.1, the mediator recommends contract Cy(x*, p*) to
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the seller; at stage ¢.3, the mediator recommends the buyer to participate

and to truthfully report her type.

Such wPBE induces outcome (*, p*).

That any wPBE in which properties 1-3 in Theorem 7 hold induces outcome
(x*,p*) is obvious. Moreover, since (x*,p*) satisfies constraints (IC/), (ICh),
(IR¢), (IRR), (ICZ), (ICR'), and (O), it satisfies the sufficient conditions 1-4 in
Theorem 2. Thus, Theorem 7 follows.

Now let C(x*(d),p*(d)) = {Ci(x*(d),p*(d))}:2, be the sequence of direct
contracts corresponding to (x*(4), p*(d)). Then, we have the following.

Theorem 8 (Mediated Implementation of (x*(d),p*(d))). Suppose p € (g—i, 1).

Then, there exists a wPBE of G which satisfies the following properties:
1. The two buyer types fully separate from each other at stage 0.2.

2. The seller and the buyer always obey the mediator’s recommendations.

3. Forallt € Ty: at stage t.1, the mediator recommends contract Cy(x*(9), p*(9))
to the seller; at stage t.3, the mediator recommends the buyer to participate

and to truthfully report her type.
Such wPBE induces outcome (*(§), p*(9)).

That any wPBE in which properties 1-3 in Theorem 8 hold induces outcome
(x*(9),p*(9)) is obvious. Since (x*(J),p*(d)) satisfies constraints (IC¢), (ICh),
(IR¢), (IRh), (IC?), and (ICh'), it satisfies conditions 1-3 in Theorem 2. More-
over, since (x*(9),p*(0)) satisfies constraint (O’), which is more stringent than

constraint (O), it also satisfies condition 4 in Theorem 2. Thus, Theorem 8 follows.

4.4 Unmediated Implementation

So far, by considering the mediator, we allowed for arbitrary information struc-
tures. However, it is also interesting to understand whether the seller-optimal
wPBE outcome of G is attainable without a mediator. Recently, Brzustowski
et al. (2021) consider an unmediated durable-good monopoly problem where the
seller can offer a long-term “smart” contract, though he may discard it and em-

ploy a new long-term contract in any future period, reflecting the idea of limited
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commitment. They construct an equilibrium where the seller initially offers a d-
abiding contract, which is a contract that no future seller wants to discard, and
show that the Coase conjecture fails if players are sufficiently patient. Following
Brzustowski et al. (2021), in this section, we consider the unmediated durable-
good monopoly problem with long-term smart contracts and argue that the medi-
ated seller-optimal outcome is attainable if and only if ¢ < fi(6). However, even if
> fi(d), we argue that an appropriately-modified version of our approach is useful
to characterize the best unmediated equilibrium. Since it is well beyond the scope
of this paper to formally introduce such an unmediated model where the seller can

also offer long-term contracts, we keep the argument informal and concise.

Low Prior. Suppose p < fi(d). Assume that the seller in period t = 1 can
design the following long-term smart contract: first, the buyer is asked to report
her type 6; this report is not observed by the seller but remains under crypto-
graphic encryption, which is to be decrypted at some predetermined date T'; until
T, the contract specifies the same sequence of allocations as in the mediated so-
lution. Due to limited commitment, the seller can discard this contract in any
future period and propose a new long-term smart contract. However, discarding
the original contract implies the loss of the encrypted information.

If the seller does not discard the original contract, the same outcome as in the
mediated solution obtains. At the mediated solution, if ;1 < 7i(d), the seller’s obe-
dience constraint in binding and so his continuation expected payoft is 6, in any pe-
riod ¢t > 2. Thus, even a fully-committed seller prefers obeying the mediator’s rec-

ommendation to any deviation. Clearly, the same is true in the unmediated case.

High Prior. If y > 7i(d), in the mediated solution, we obtain both an upper and
a lower bound for the seller’s ex ante expected payoff, and show that they coincide
as 0 — 1. In particular, to attain the lower bound, the mediator actively selects
an information structure and a continuation equilibrium after any deviation of the
seller in a way that the Coasian outcome obtains (so that the deviating seller’s
continuation payoff converges to 6y, as § — 1). In this sense, the set of continuation
outcomes for a deviating seller is carefully selected by the mediator.

In the unmediated environment, in each period, the seller has the same set of

feasible continuation outcomes and so a larger set of possible deviations. Thus, the
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seller’s ex ante expected payoff at a seller-optimal unmediated equilibrium can be
lower than that at a seller-optimal wPBE outcome of G. We next argue that, even
in such cases, an appropriately-modified version of our approach can be useful.
Let V*(u) be the seller’s ex ante expected payoff in the seller-optimal unmedi-
ated equilibrium when the seller’s initial belief that § = 6, is . The function

V¥ ]0,1] — R can be characterized pointwise (i.e., for each p € [0, 1]) as follows:

* — t—1 t—1
Vi (p) = (m,rpr)lgﬂ@‘” H ( Z 0 ph,t) +(1—p) (Z 0 pf,t) (Pu)

t=1 t=1

st. (F1),(F2), (F3), (ICO), (ICh), (IRC), (IRA),

H ( i Vi (e (2, p)) T + Z 5t_TPh,t) (04)

t=1 t=1

71 o0
+(1—p) (Z Vo (pr(@, p))wes + 25”%) > Vi (pr(,p)) V7 €To.
t=1 t=r
The same V,* appears in the seller’s obedience constraint (0,) because, in each
period, the seller has the same set of feasible deviations as in the first period.
For any convex, increasing function V': [0,1] — R, let W (V) be the value
function of the constrained maximization problem (P,) in which V,*(u,(x,p)) in
constraint (0,,) is replaced by V (i, (x, p)) for all 7 € Ty. Then, V.* is a fixed point
of the operator W: V* = W (V,*). Clearly, W is non-increasing in the sense that,
if V<V’ (pointwise, i.e., V(u) < V'(u) for all p € [0,1]), then W(V) > W (V’).
We know that (i) V(1) = 6, for u € [0, g—i] , and (ii) V() is equal to the value
under the mediated solution for p € (g—i,ﬁ(é)]. Let V! be the smallest convex,
increasing function V': [0, 1] — R that satisfies (i) and (ii).!? Clearly, V! < V*.
Let V1= W(V?) be the value function of the constrained maximization prob-
lem (P,) in which V! is used in constraint (0,). By monotonicity of W, V;* < V1.
Now, we conjecture that there exists 7t € (7(6), 1] such that V(p) = V*(u) >
V() for all p € ((5),72]. The idea is that, if g < @', then the optimal mech-
anism in the problem of W (V') would be such that, right after the initial trade,
the posterior p; drops below 7i(d). Since V! and V* already coincide for beliefs

below 7i(d), the same mechanism continues to be feasible (given p) even in the

u

13This V! is identified by V!(u) = V5 (1(8)) + ‘g—‘;(ﬁ((s))(u — 7(9)) for p > ().
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problem of W (V,¥). Therefore, we must have YA/l(u) = V*(p) for p < @'t

This further suggests that the entire V" can be characterized iteratively. Let
V2 be the smallest convex function such that V() = V(1) (= V¥ (p)) for p < 7',
and let V2 = W(V2). In the problem of W (V2), it is conjectured that there would
be 1? > @' such that 172(#) = V*(p) for all u < 2. If the increasing sequence

7t 1%, . .. converges to 1, then the entire V* is characterized.

5 Conclusion

We propose a mediator approach to mechanism design with limited commitment.
Our approach builds on the (sequential) communication equilibrium notion in mul-
tistage games with communication and enables a systematic study of equilibrium
outcomes under all admissible information structures. We represent the informa-
tion structure as a fictitious mediator and re-interpret the model as mechanism de-
sign by the committed mediator. We construct examples to explain why new equi-
librium outcomes can arise when general information structures are considered.

In the durable-good monopoly application, trading outcomes and welfare con-
sequences can substantially differ from those in the classical model with a fixed
information structure. In the seller-optimal mechanism, the seller offers a discount
to the high-valuation buyer in the initial period, followed by the high, surplus-
extracting price until some endogenous deadline, when the buyer’s information is
revealed and fully extracted. As a result, the Coase conjecture fails. We also char-
acterize mediated and unmediated implementation of the seller-optimal outcome.

To circumvent the key challenge regarding the complexity of the seller’s con-
tract space, we take an outcome-based approach and propose two simpler auxiliary
problems whose values provide an upper and a lower bound to the value of the
original problem. These bounds are enough to characterize seller-optimal equi-
librium outcomes. We interpret the two auxiliary problems as relaxed revelation
principle and mediated implementation in direct contracts.

Our approach can be used to characterize robust predictions in bargaining
games with one-sided incomplete information—i.e., to characterize the set of all

equilibrium outcomes that can arise under any admissible information structure.

YIF§ ~ 1, () ~ 0.8 and 7i* ~ 0.956 > 0.8. A more formal argument is available upon request.
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Moreover, our approach is potentially useful in other problems with a partially
committed principal. A first example is mechanism design with an informed prin-
cipal, where the principal can perfectly commit to a mechanism, but only after
observing a private signal, and so he is subject to sequential rationality given each
signal realization. A second example is mechanism design with multiple principals,
where each principal can perfectly commit to his mechanism but cannot control

other principals’ mechanisms. We plan to explore these ideas in future work.
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A Notation

Throughout the appendices, we use the following notation:

AG = 0, — 0, (2)
0, — 606,
p = or. (4)

Note that Af > 0 and that » > 1 and p > 1 for all 6 € (0,1). Moreover, note that

(3):>1—r:—% (5)
and 4)=1-p= _O—A_g)% (6)

B Proof of Theorem 3

B.1 Simplifying the Primal Program (P1)

In the primal program (P1): (i) we ignore constraint (IC/¢) and we will verify
in Appendix B.5 that it is satisfied by the solution to the relaxed version of the
program; (ii) constraints (ICh) and (IR/) for 7 = 1, together with the assumption
that 0y, > 6,, imply that constraint (IRh) is satisfied for 7 = 1; (iii) that the seller’s
payoff in a seller-optimal wPBE must be at least 6, implies that constraint (Of) is

satisfied for 7 = 1. As a result, the relaxed version of program (P1) is the following:

e hax, . M ( ) 5t‘1ph7t> +(1—p) ( > 5“1%) (P1a)

t=1 t=1

st X, xpe >0 VEeT (F1)

1> "y, (F2)
t=1

1> oy, (F3)
t=1

Z 5t ehfl’?ht - pht > Z ehl’u - pzt) (ICh)

t=1 =1

> 68T (Opres —pie) 20 VT E T (IRY)

t=1
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B.2

> 8T (Ohang — pry) 20 VTET (IRA)
t=1

T—1 )
1 ( > Oeng+ 5t_7ph7t> (00)
t=1 t=T1
T—1 00
+ (1 — p) (Z Ooxes + Z5t_Tpé,t> >0, VT eT.

t=1 t=71

The Dual of Program (Pla)

Let &€ = (a,ﬁ,(’, (>\£7t,>\h7t+1,7t+1)21) € R? x R**, where: « (resp., ) is the
Lagrange multiplier associated to constraint (F2) (resp., (F3)) in program (Pla);

¢ is the Lagrange multiplier associated to constraint (ICh) in program (Pla); for

all t € Ty, Mgy is the Lagrange multiplier associated to constraint (IR/) in period

t in program (Pla); for all ¢ € Ty, Aps41 is the Lagrange multiplier associated

to constraint (IRh) in period t + 1 in program (Pla); for all t € Ty, 7441 is the

Lagrange multiplier associated to constraint (O/f) in period t+1 in program (Pla).

The dual program of program (Pla) is the following:

s.t.

celin ot B - ; Oyt (P1b)
a>0, >0, >0, A, Angg1,%+1 >0 VEeT (7)
a>—6710,C + Zt: 6 TO N - + i (1 — )0y, Vit e T, (8)
=1 — gl
B>06"10,¢ + iét_q—eh)\h,f + i ey, YVt e To, (9)
=2 S— g}

t t
FC S A 4 30— e £ 61— ) =0 VEe T (10
T=1 T=2

t t
=0T 0T N+ D 8 T +0 =0 VEE T, (11)

T=2 T=2

where constraints (10) and (11) hold with equality as py; and pp,; are unrestricted

(i.e., they can be positive or negative) for all ¢ € Ty in the primal program (Pla).
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B.3 A Candidate Solution to the Dual Program (P1b)

We recover a candidate solution £* == (", 5%, %, (Af 4 M 411 fy;jrl)zl) € R3xR3™

to program (P1b).

Step 1. Solve equations (11) at successive values of ¢, starting with ¢ = 1, to find
C=pu and Ao = pryp forallt € Ty (12)
Next, solve equations (10) at successive values of ¢, starting with ¢t = 1, to find

Na=1 and Ny=1—p)y; forallteT. (13)

Step 2. Given equations (12) and (13), the dual program (P1b) simplifies to:

min a+ B — 0 Plc

(05, (r0) Py R X R B ; 0Vt ( )

st. a>0, >0, %w>0 VteT (14)

t [e%s)
a> 00— pby) + (1= )0 | D 0T+ Y %] VieTo, (15)
T=2 T=t+1
t o0
B> b+ i D> 8T+ Y Oy | VEET (16)
T=2 T=t+1

Step 3. As program (P1lc) is a minimization problem, its solutions must satisfy

t 0
* t—1 t—1 % *
o = max {0, Itréz% {(5 (0 — pby) + (1 — )b, [;:2 0 Ty + E ’YT] }} (17)

T=t+1

and
t

> 5 O + i Hwi] }} (18)

T=2 T=t+1

£* = max {0, max {(Vlu@h +
teTo

Step 4. Guess that, for some T € 77, v; =0 for all £ > T. Moreover, guess that

. Oo t+1 o0
O g DTN Y Gevi] ="t | Y 0TTONT+ Y 9[7:] (19)
T=2 T=t+1 T=2 T=t+2

for all t € {1, T — 1}. Solve equations (19) for ~; at successive values of ¢,

starting with ¢ = 1, to find

(1—=0)0 (0, —00,\"7 (1=80 ,, _
* AT TR forallte {2..... T )
K On —0; \ On— 0, N ora G{, ’ }’ (20)
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where the last equality holds by definitions (2) and (4).

Step 5. Use equation (18), the guess in equations (19), and the guess that v/ =0
for all t > T, to obtain

T
5*:ﬂ9h+ﬂ6‘2(27:>- (21)

t=2

Step 6. By using equations (17) and (20), definition (3), and the guess that

v =0 for all t > T, constraint (15) becomes

. - (1) (1=0)0y (o p1—r" pil—pT
_ _ 22
a max {5 (98 Meh)‘i‘ A0 0 1—7 + 1—p - (22)

assuming that the right-hand side of equation (22) is non-negative (which we will
show to be the case in Step 8 of this section). The maximand on the right-hand
side of equation (22) simplifies as follows:

t—=1/pn (1= )01 = 0)0n [ oy 1 =11 7t — PT_I
) ((9@ u@h)Jr I 0 11— + 1=

=0 (O = ) = 0 (L= 01— 1) = (1= ) (p = T (28)

= (L= 0" = A0 (i + (1 — p)r' 1),

where: the first equality holds by implications (5) and (6); the second equality
holds by definition (4). Thus, by equation (23), equation (22) is equivalent to

o = max_ {(1 — 1)8,p" "t = SIAG(p+ (1 — ,u)rt_l)}. (24)
te{1,...,T}
Let
#* :— arg max {(1 — )0 = 5N (i + (1 — )t } (25)
te{l,...,T}

Moreover, let ¢ be defined as follows: ¢ € R such that 6 'Af(p + (1 — p)rt™!) =
OAG(p+(1—p)rt). Since the maximand on the right-hand side of equation (25) is

concave in t and T is yet to be determined (and so can be chosen arbitrarily large),
t"=inf{teTo:t>1t}. (26)
Note that

OIA(p+ (1= p)rt™h) = 08A0 (p+ (1= prt)
= 1 - 8) =~ (1= (1 — 67)
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= p(l—0)=r1(1- M)w

A6
Al

=ttt = A2 (27)

(1= p)0e

In (—’iM )

—t=1+ ﬂ, (28)

Inr

. . . . . 0, AO

where the second equivalence holds by implication (6). Since p € <é, 1) , uﬁm >

(1—p)0¢ Inr
which implies, together with equations (26) and (28), that t* > 2.

In (220
1, and so In (“—M> > 0. Moreover, r > 1, and so Inr > 0. Thus, —(“"‘)0‘) > 1,

Step 7. The choice of T is part of the choice of the Lagrange multipliers (7;)52,.
Thus, T must be chosen to minimize the objective function of program (P1b).

Let UE'™ () denote the optimal value of program (P1b). Note that

Up™(m) = o + " — 2967:
t=2

T T
=Oé*+u9h—l-#9£<27:> —Zeﬂf

t=2 t=2
T (1-6)8
— AF o 1_ _—th
o + b — ( M)98<; 7 )
1— p)0(1—68)8,1— pT1
— 0ty — M)g(e )6 1fp (29)

="+ pb, + (1 — ,u)@h(l — pT_1>
=(1— )" " — STTIAG (4 (L= p)r ) + 6, — (1 — 1)0p" !

=0, — 6" A0 (u + (- M)?“Wl)?

where: the second equality holds by equation (21) and the guess that v = 0 for
all t > T; the third equality holds by equation (20); the fifth equality holds by
implication (6); the sixth equality follows from equation (24) and the definition of

t*. Since UL™(7) does not depend on T, we take
T=t. (30)
Step 8. We show that a* > 0. From the two previous steps, we have

o = (1= )" " = 0" AO(p+ (1 — p)r™ )
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= (L= )" =" A0+ (1= p)r” )

=71 [(1 — )T — MAQ}

> ot [(1 — p)fprtt — MAQ]

=0,
where: the first equality holds by equation (24) and definition (25); the second
equality holds by equation (30); the third equality holds by definition (4); the

inequality holds by equation (24), definition (25), and equation (30); the last
equality holds by equation (27).

Step 9. Summing up, a candidate solution £* := (a*, 5%, (¥, (/\Zt, Ahit1s %*H)Zl) €
R3 x R3* to program (P1b) is as follows. For

In (—L(l_A% )
T=inf{tcT :t>t}, where t=1+ =7
Inr
we have:
of =671 [(1 — u)@wj_l — ,uAH},
T
B = b +M95<Z%*>
t=2
C=n (31)
X 1 ift=1
)\E,t - ) (32)
(1 —p)y; otherwise
A= pyp forall t € To, (33)
(1-8)0, t—2 A
. == 1ft€{2,...,T}

0 ift>T

All elements of £* are clearly non-negative. Moreover, we have

U (1) = 6, — 67 LAY (u T (1- u)r“), (35)

where the equality holds by equations (29) and (30).
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B.4 A Solution to the Primal Program (Pla)

€ R* to program (Pla).

: * *\ . * * * *
We recover a solution (x*,p*) = (:U&t,xh’t,pe’t,ph’t)tzl

Step 1. Since A}, > 0 for all ¢ € {1, . ,T} (see equation (32)), constraint (IR/)
is binding for all such ¢. Thus,

Poy = Opx;, forallte{1,...,T}. (36)

Since Ay, > Oforallt € {2,...,T} (see equation (33)), constraint (IRk) is binding
for all such ¢t. Thus,

py, = Onry, forallte {2,.... T} (37)

Moreover, guess that the solution to program (Pla) is such that

S

-1
rh, = 1. (38)

t=1

and

zp,=ph, =0 forallt>T. (39)

Step 2. From constraint (Of) binding for t = T' (as 72 > 0, see equation (34))
and the conjectures in equations (38) and (39), we have that 37~ 6" Tp,, = 6,

from which we guess that

pZT = 0,. (40)

=1, (41)
and so 2y, = p;, =0 for all ¢ € {1,...,T —1}. Finally, guess that

Py =0 forallt>T. (42)

Step 3. Since (* > 0 (see equation (31)), constraint (ICh) is binding. This,
together with equations (37), (40), and (41), implies that 0z}, — pj, = 6T-1AG
or, equivalently,

Step 4. To find xj, for all t € {2, N 1}, we use that constraint (Of) is
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binding for all such ¢ (as 77 > 0 for all such ¢, see equation (34)). From constraint

(O¢) binding for t = T — 1, we obtain ,u[(%(l x* + 0, (1—p)db, =6,

h,T— 1) h,T— 1:|

or, equivalently

. (1=0)(1—p)b,
hT—1 N :

Similarly, solving for constraint (O¢) binding backwards for all ¢ € {2,...,T —2},
starting with t = T — 2, we obtain

T—t—1
oo = 1=0)d =) (61 — 50, _ (=00 =l 74
hit N Af P

where the second equality holds by definition (4). Finally, using the guess in

equation (38), we have

— 1WA
1—6)(1—p)f1—pr—2
=01y »
AN, 1—p
=1+ J(l —pT_2>
L
1
2o -aer)
u
where the fourth equality holds by implication (6).
Step 5. It remains to show that } ; > 0 or, equivalently, that
(1—pp" 2 < 1. (44)

To begin, note that (1 — p)p” 2 < (1 — p)pt= = (1 — p)ot-lpt=t = §t= 1’%9,
where: the inequality holds because p > 1 and the fact that T = inf {t € T} : t > t}
— t—1 > T—2; the first equality holds by definition (3); the second equality holds
by equation (27). Thus, a sufficient condition for inequality (44) to hold is that
0

t—
) 0

<1. (45)

Since t = 1 for u = 9—}‘; (see equation (28)), the left-hand side of inequality (45)

evaluated at p = equals , which is less than 1; thus, to show that inequality
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(44) holds, it suffices to show that udt~! is non-increasing in p. Note that

a t—1| _ ct—1 t—1 8
(1 — )0 AO(1 — )0y + pb, A0 1

— t—1 E*ll
O T T (M-l Inr

Iné
__ st—1
=0 (”(1—m1nr>’

where the second equality holds by equation (28). Thus, to show that udét! is

non-increasing in p, it suffices to show that

Iné
1+ — <0. 4
+(1—u)1n7"_0 (46)
Since the left-hand side of inequality (46) is decreasing in p (as 6 € (0, 1), and so

Ind < 0), it suffices to show that inequality (46) is satisfied for p = g—i, i.e., that

I+ Ai"nlfw < 0 or, equivalently,
On

%lnrjtlndg(). (47)
h

Since inequality (47) is satisfied with equality if 6 = 1 (as r = 1 if § = 1, see
definition (3)), it suffices to show that its left-hand side is increasing in ¢ (so that,
for § < 1, the left-hand side is negative). To see this, note that

9 &lmﬂ—lné —&lg—kl——&—éAe G —1—1——(1_5)0[ >0
99 | 0y, 0,05 5 0, 0,—00,0200 & 5(6, — 56y) ’

where the second equality holds by using definition (3).

Remark 1. The previous argument shows that: (i) z};,; > 0 (not only that z} ;, >

0); and (ii) 1+ (1—12)61nr <0 forall pe (g—f;, 1), and so udt~! is decreasing in .

Step 6. Summing up, a candidate solution (x*,p*) = (xzt,a:}"l,t,p}fyt,p;t)zl €

R*° to program (P1la) is as follows. For

T=inf{teT :t>1t}, (48)
where

uA6
In ( (1=p)0, )

49
Inr ’ (49)

40



we have:

(
. 1 ift=T
Ty = )
0 otherwise
\
§<1—(1—u)p7—2) ift =1
* ) (1=0)(1—-p)b , T—t—1 . =
The =\ —mg P iftef{2,....T—-1},
K0 otherwise

piy = Opry, for all t € Ty,
Ohayy — 0T IA0 ift=1
Prt =

Onzy , otherwise

All elements of x* are clearly non-negative.

Let UE'(7) be the optimal value of the primal program (Pla). Thus, we have

Up'(m) = p Z(V 1p2t> —u)(Zét 1192%)
t=1

= Zét 1pht> +0"7 (1 = w7

W

+0"71 (1 = )0,
= 0, (1 —(1- #)PT_2> T

72 (1 —0)(1 — )00y 1 — TT_Q
+0 AD =

—9h<1—(1—u)p > 67" IMAQ
51— e (1 — T 2) + 6T — )b,

+0771 (1 = p)o,

—0h<1—( —p)pt ) ST A + 671 (1 — )BT 2,

[ N = a-0a-
=1 h<1_<1_,u>pT 2)—6T 1A0+Z(5t 1( )LAQ

)00, JT-t-1

where: the second and third equalities hold by equations (50)—(53); the fourth
equality holds because, by definition (4), 6 1pT~t=1 = §T-27T~t=1. the second-to-

last equality holds by using implication (5).

Step 7. We show that US(wr) = UL (), so that, by weak duality, the candidate
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solution to program (Pla) is indeed a solution to the program.

To obtain the desired result, note that

U () — UR12(7) = 6, — 671 A0 (;L (1- u)ﬁ—l)

- 6’h<1 —(1- ,u)pT_2> + 6T A0 — 5T (1 — p)frT 2

T—1

= —(1— WAGT + (1= @) 2 — (1 — )0,

= (L= 0™ = (1= wp"™! (A@ + eﬁ)

r

r

= (1= @)hp” 2 = (1= p)p" " (efh_Agg@)
w1, A0
0 — 06,
1,k
P
— ()’

where: the first equality holds by equations (35) and (54); the second equality
holds by using definition (4); the fourth equality holds by using definition (3); the
second-to-last equality holds by using definition (4).

B.5 A Solution to the Primal Program (P1)

We show that the solution (x*,p*) € R*® to program (Pla) described in Step
6 of Appendix B.4 satisfies constraint (IC¢) in the primal program (P1), so that
(x*, p*) is also a solution to program (P1).

By equations (50) and (52), the left-hand side of constraint (IC¢) evaluated
at (x*,p*) equals 0. By equations (51) and (53), and since 0, > 6, the right-
hand side of constraint (IC/) evaluated at (x*,p*) is smaller than 0z} ; — pj ;.
Thus, to show that (x*,p*) satisfies constraint (IC/), it suffices to show that
vz}, — ppy < 0. To begin, note that

Oy — Py <0 == Opayy — Opayy + 07 A0 <0
— A (57‘1 - x,*%1> <0

T—1 *
0 <,

="t <1 (1—p)p" 2,
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where: the first equivalence holds by equation (53); the third equivalence holds
because Af > 0; the fourth equivalence holds by equation (51). Since T =
inf{teT:t>t}=T-2<t—-1<T—1,5<1,and p> 1, we have that

pdT Tt < ot and L—(1—p)p ' <1—(1—p)p" 2 (56)

From the equivalences in (55) and the inequalities in (56), we have that udt—! <
1—(1=p)p~" = Oz}, —pj;, < 0. Thus, to show that (x*, p*) satisfies constraint
(ICY) for T = 1, it is enough to show that pdt' <1 —(1—pu)pt~!. Now note that

pott <1 —(1—p)pt = pdtt <1 — (1= p)ot et

Af
— ottt <1 — (1= et T
0,
— pott (1 + %) <1, (57)
4

where: the first equivalence holds by definition (4); the second equivalence holds
by equation (27). Since udt~! is non-increasing in u (see Step 5 in Appendix B.4),
it suffices to show that inequality (57) is satisfied for p = g—i. Sincet = 1if u = g—i,

and 1+ %—f = g—’;, the desired result follows.

Remark 2. Since pdét™! is decreasing (see Remark 1), the previous argument
shows that zj, > 6T=1 (or, equivalently, 0 > Oery y — phy) for all p € (g—i, 1).
That is, constraint (IC/) is not binding at (x*, p*).

B.6 Completing the Proof of Theorem 3

At the solution (*,p*) to the primal program (P1) described in Step 6 of Ap-
pendix B.4, properties 1, 2, and 3 in Theorem 3 hold true. Moreover, from equa-
tions (48) and (49), we have that T is finite for any 6 € (0,1) and, in addition,

In (—ﬁM ) In (—‘iM >
limTZ limM — M _

61 51 Inr =1 1y (eh—(sez)

Y

JA)

where: the inequality holds by equations (48) and (49); the first equality holds by
definitions (2) and (3). Thus, property 4 in Theorem 3 holds true at (z*,p*). B
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C Example 2 and Example 3

C.1 Example 2

Let T ={0,1,2,3}. The agent’s type 6 is uniformly distributed over © = {—1, 1}.
The allocation sets are Ay = A3 = {@,—1,1} and Ay, = {D,e,n}, where as = ¢
is interpreted as “extract” and as = n is interpreted as “not extract”. Non-
participation in any period t is an irreversible option for the agent (i.e., it implies

non-participation in all future periods). The principal’s payoff is

0 ifay =G ora, =9
Up(0,a) = 4 1{gy—e) if ay # @,a0 # &, and a3 = @
Ligy—ey — azA  otherwise

and the agent’s payoff is

(
0 ifa1:®

oA — K ifa; #Tand ay =9
—-1-K ifa; # J,as = e, and a3 =

?

UA(Q,CL) =
QoA — K  ifa; # D,a9 =n, and a3 =

—1 ifa; # J,a, = e, and a3 # &

| Oar A+ Oas  if a1 # D,a9 =n, and a3 # I

where A € (1,2) and K > 0 is high enough for participation in periods 2 and 3 to
be optimal for the agent.

Deletion of Stored Information. If the principal could commit to the allocation
sequence (ay, az,az) = (6,n,—0), the agent would be truthful and the principal’s

payoff would be A > 0. However, without commitment and without the possibility
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of storing information, the principal’s ex ante expected payoff in any wPBE of the
resulting game is 0. To establish this point, it suffices to show that, in any wPBE,
the agent never participate to any contract in period ¢ = 1. By contradiction,
suppose the agent participates in period ¢ = 1. Then, in period ¢ = 2, the principal
offers a constant contract allocating a; = e (and the agent participates), because
it increases the principal’s payoff without affecting the agent’s incentive constraint
in period t = 3; thus, the agent’s flow payoff in period t = 2 is -1. In period t = 3,
the principal’s expected flow payoff is non-negative because he can always offer
any constant contract guaranteeing 0 expected flow payoff; thus, the agent’s flow
payoff in period t = 3 is non-positive. Therefore, the agent’s expected payoff from
participating in period ¢ = 1 is —1. This is a contradiction because the agent can
always guarantee herself a payoff of 0 by not participating in period ¢t = 1.

In contrast, the MCS game has a wPBE in which the principal’s ex ante ex-
pected payoff is A\. As in Example 1, the mediator again stores the agent’s type
report in period ¢ = 0 and fully disclose it in period ¢t = 3 to the principal, but his
role is different. In particular, the mediator’s role is now to prevent the principal
deviation to the constant contract allocating as = e in period ¢ = 2; this is achieved
by the threat of not disclosing the agent’s type report in period ¢t = 3 if the prin-

cipal deviates in period t = 2. The next claim and its proof formalize these ideas.

Claim 1. The MCS game has a wPBE in which the principal’s ex ante expected
payoff is \.

Proof. We begin by describing a candidate wPBE of the MCS game. On-path

events are the following:

e Period t = 0. The agent truthfully report her type 6 to the mediator.

e Period t = 1. The mediator sends signal sp; = 6 with probability « and
signal sp; = —0 with probability 1 — « to the principal, where (14 \)/2\ <
a < (2A—1)/2X. The principal offers a constant contract allocating a; = sp;.

The agent participates to the contract.

e Period t = 2. The principal offers a constant contract allocating ay = n.

The agent participates to the contract.

e Period t = 3. The mediator fully discloses the agent’s type report 6 (made
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in period ¢ = 0) to the principal. The principal offers a constant contract
allocating a3 = —6. The agent participates to the contract.
Off-path events are the following;:
e [f the principal observes any off-path event by period ¢t = 2, then he offers a

constant contract allocating ay = e.

e If the principal deviates in period ¢ = 1 or ¢ = 2 (which is observed by the
mediator by assumption), then the mediator does not reveal the agent’s type

report 6 (made in period ¢ = 0) to the principal in period t = 3.

e [f the principal observes any off-path event by period ¢ = 3, then he offers
any best responding contract in period ¢t = 3.

The principal’s ex ante expected payoff in the candidate wPBE is A. Thus, it
remains to show that the candidate wPBE is indeed a wPBE of the MCS game.
We begin with the agent’s incentives. The agent’s participation in periods ¢t = 2
and t = 3 is optimal. In period t = 0, the agent’s expected continuation payoff
from truthfully reporting her type to the mediator is A(ov — (1 — «)) — 1, whereas
her expected continuation payoff from lying to the mediator is A\(—a+ (1 —a«))+1;
since the former is greater than the latter for a > (1 4 X\)/2A, the agent finds it
optimal to be truthful. In period ¢t = 1, the agent’s expected continuation payoff
from participating to the mechanism is A(o — (1 —«)) — 1, whereas the agent’s ex-
pected continuation payoff from non-participation is 0; since the former is greater
than the latter for a > (1 4+ \)/2\, the agent finds it optimal to participate.

Next, we consider the principal’s incentive. First, in period ¢ = 3, the principal
has no incentive to deviate since the allocation as = —6 is the best one from the
period-3 principal’s viewpoint. The principal’s continuation payoff from following
the candidate equilibrium strategy in period ¢t = 1 and t = 2 is A. If the principal
deviates in period t = 1 or ¢t = 2, then the mediator does not reveal the agent’s type
report to the principal in period ¢ = 3. Accordingly, at the beginning of period
t = 3, the principal has only the partial information sp; about the agent’s type
6. Thus, the principal in period ¢ = 3 can do no better than offering a constant
contract allocating ag = sp;. Therefore, the principal’s expected continuation
payoff from deviating in period t = 1 or ¢t = 2 is at most 1 + A\(2a — 1). Since
A> 14+ A2a—1) for a < (2X — 1)/2), the principal has no incentive to deviate
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from the candidate equilibrium strategy in periodst =1and t =2.

C.2 Example 3

Let 7 = {0, 1,2}. There are two agents, denoted by i = 1,2. In each period ¢t € Ty,
the principal allocates a; = (a14,a2;) € A = {2, —1,1}?, where a;; = @ if and
only if agent ¢ does not participate in period ¢t. Each agent i has a type #; € © =
{—1,1}, equally likely and independent across players. The principal’s payoff is

0 if ail = < or g1 = [%)
Up((h,02),a) = ¢ >, a;16; if a1 # F,a01 # 9, and aj g =D or ags =
> i(ai10; + ai0e) otherwise

where ¢ € (0,1). Agent i’s payoff is

0 if ;1 = %)
Ul‘(ei,(l) = 1 if ;1 7é o, and Q12 = g or A22 = 1]

2 —a;10; otherwise

Each agent finds it optimal to participate in the contract in period t = 1. The
best continuation event from the period-2 principal’s viewpoint is such that both
agents participate in period ¢ = 2 and the allocation is (aj2,a22) = (1,1); the
worst continuation event from the period-2 principal’s viewpoint is such that (at
least) one agent does not participate in period ¢t = 2. If (at least) one agent does
not participate in period ¢ = 2, the principal and agent i have the same preferences
regarding a,; for 7 = 1,2; in contrast, if both agents participate in period ¢ = 2,
the principal and agent ¢ have opposite preferences regarding a; ; for i = 1,2.

Equilibrium Multiplicity and Equilibrium Selection. The MCS game has
a wPBE in which the principal’s ex ante expected payoff is 2; such wPBE re-

quires the worst continuation equilibrium selection from the period-2 principal’s

viewpoint. The next claim and its proof formalize these ideas.

Claim 2. The MCS game has a wPBE in which the principal’s ex ante expected
payoff is 2.

Proof. Regardless of what happens in period ¢ = 1, a continuation equilibrium

in period ¢t = 2 has no agent participating in whatever contract is offered by the
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principal: if agent —: does not participate, then agent ¢’s participation is payoff
irrelevant and so it is a best response for ¢ not to participate. Given this, each
agent’s continuation payoff in period ¢ = 1 (upon participation, which is optimal
for each agent) is 1; thus, for i« = 1,2, the principal offers a direct contract with
allocation rule «;1(a;1 = m;1|m;1) = 1, and agents are truthful. Thus, the
principal’s ex ante expected payoff in this wPBE is 2. B

The next claim and its proof show that if the best continuation equilibrium
from the period-2 principal viewpoint is selected, then the principal’s ex ante
expected payoff in a wPBE cannot exceed 2e. Since € € (0,1), so that 2e < 2,
the principal-optimal wPBE outcome necessarily requires suboptimal continuation

equilibrium selection from the period-2 principal viewpoint.

Claim 3. If the best continuation equilibrium from the period-2 principal’s view-

point is selected, then the principal’s ex ante expected wPBE payoff is at most 2e.

Proof. Regardless of what happens in period ¢t = 1, the best continuation equi-
librium from the period-2 principal’s viewpoint is as follows: for i = 1,2, the
principal offers a constant contract allocating a; o = 1 if agent ¢ participates; both
agents participate. Given this, each agent ¢’s continuation payoff in period t = 1
(upon participation, which is optimal for each agent) is 2—a;16;; thus, for i = 1,2,
the principal finds it optimal to offer any constant contract in period t = 1. As a

result, the principal’s ex ante expected payoff in this wPBE is 2¢.

D Proof of Theorem 4

Step 1. Let (z*, p*) be the solution to program (P1) we characterize in Appendix
B (see Step 6 of Appendix B.4). To begin, note that

T=inf{teT:t>t}=t-1<T-1<t (58)

From implication (58) and since § € (0,1), we have 6t < 671 < 6. Thus,

In (—‘u;( _AQ )

—\(A-pbp/ _%
lim 671 = lim 61 = Jim o= (%ar2) — (#2097 (59)
51 51 51 (1 — )b, 7

where: the first equality holds by the sandwich theorem for the limits of functions;

the second equality holds by equation (28) and definition (3).
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From implication (58) and since r > 1, we have rf~! < rT=1 < rt. Moreover,

as § — 1, 7 — 1 (see definition (3)). Thus,

s Tl a1 pAY
St = Jim = (1— )b, (60)

where: the first equality holds by the sandwich theorem for the limits of functions;
the second equality holds by equation (27).

Step 2. To establish part 1 of Theorem 4, we need to show that lims ,; Up'(7) >
0,. Note that

lim Up' (1) > 0, <= lim Up'"(7) > 6,
0—1 0

—1

= lim [eh N (u (1 u)ﬁ—lﬂ > 0,

A0
AG N\ Af
= 0 — A@(M—He) (M (- “)ﬁ) >0, (61)

(1—n) 1—p)
AO\ % uAGO
u h h
<~ Af — 0
((1 - M)9£> 6
= e _ pab w >0 (62)
10 (1 — )0, ’

where: the first equivalence holds because, by the analysis in Appendix B, Ub! () =
UB™(7) holds true at (z*, p*); the second equivalence holds by equation (35); the
third equivalence holds by equations (59) and (60). The left-hand side of inequality
(62) evaluated at p = g_i equals 0. Thus, to obtain the desired result, it is enough
to show that the left-hand side of inequality (62) is increasing in p. Note that

o[ o AG N\ NN
9| _( K ) " :(—“ ) " (63)
Op | pbh  \(1—p)0, (1 — p)be
The right-hand side of equation (63) evaluated at u = g—i equals 0. Moreover,
9 AG N\ 6,6
il (,u—) "] = 5—2 =~ 0
on |\ T =0, (1= )0

Thus, the right-hand side of equation (63) is positive for all u € (3—2, 1). The

desired result follows.

Step 3. From the analysis in Appendix B (see step 6 of Appendix B.4), the
following hold true at (z*, p*): the payoff of type 6, is 0; the expected payoff of
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type 0 is 67 LAf. Thus, the expected payoff of the buyer is uéT*1A9 and the
expected total surplus, denoted by S(7), is
S(m) = URNx) + péT A
=0, — (1 — p)AGST 171, (64)
where the equality holds by equation (35).

To establish part 2 of Theorem 4, we need to show that lims_,; S(7) < pd, +
(1—1)0p (ubn+ (1 — p)6; is the expected total surplus at the first best). Note that

lim S(r) < pby + (1 = p)0; <= lim [eh —(1- M)Aeaf—lﬁ-l} < by + (1 — )0,
— —

AG O\
2
1Al >‘9h
— (1= Al < (1 — Al ——
R N e ™
<:>1<’M—M
(1 — )b

< 0, < by,

where: the first equivalence holds by equation (64); the second equivalence holds

by equations (59) and (60). Since u € (g—f;, 1), the desired result follows.

Step 4. For all k € N, let 95 = %. Then, limy_, o 95 =0 and AG* =6, — 95 =

w. Moreover,
AG* -4 AG*
: PL(_. pk\ . 1; ([ " pav
i U <7T79e>-—££209h<1 (&) eg>

= im 6, (1 -0 “W%)i)

Since u#), is the commitment payoff, part 3 of Theorem 4 follows. B
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E Proof of Theorem 5

Let (x*,p*) be the solution to program (P1) we characterize in Appendix B (see
Step 6 of Appendix B.4). By Theorem 2, if (x*, p*) satisfies constraints (IC/),
(ICH'), and (O), then (x*, p*) is a wPBE outcome of G.

Step 1. We show that (a*, p*) satisfies constraint (IC¢') for all 7 € 7.

For all 7 € Ty, p;, = ex}, (see equation (52)). Thus, the left-hand side of
constraint (IC¢") equals 0 for all 7 € 7.

For all 7 € Ty, Oz}, . — pj, . < Oy, — pj, . = 0, where the inequality holds be-
cause 0y < 0, and the equality holds by equality (53). Moreover, 1 — :;11 x5, >0
for all 7 € Ty. Thus, the right-hand side of constraint (IC¢') is non-positive for all
T € T1, and so (x*, p*) satisfies constraint (IC¢') for all 7 € 7T;.

To show that (x*,p*) satisfies constraint (IC¢') for 7 = 1, we need to show

that 6,z ; — pj,; < 0, which we have already established in Appendix B.5.

Step 2. We show that (x*, p*) satisfies constraint (ICh') for all 7 € 7.

For all 7 # T, 2. = 0 and p;. = 0 (see equations (50) and (52)). Thus, the
right-hand side of constraint (ICh’) equals 0 for all 7 # T. Moreover, Ztifll Thy =
1 (see equation (43)), and so the right-hand side of constraint (ICh’) equals 0 also
for 7 = T. Since (z*,p*) satisfies constraint (IRh) for all 7 € Ty, that (z*, p*)

also satisfies constraint (ICh') for all 7 € Ty follows.

Step 3. We show that, for all § € (0, 1), there exists (d) € (g—i, 1> such that,

for all € (g—i,ﬁ(é)], (x*, p*) satisfies constraint constraint (O).
A sufficient condition for constraint (O) to hold is that ps(x*, p*) < g—i (see the

discussion in Section 4.2 before the statement of Theorem 5). To begin, note that

0, (1=} )p 00
', p') < - = ’ < —
pl® P S G S T et (=)~ By
T—2
—(1- M)(l —p > 0
(=) (1 =p"2) +(1—p) = On
1 T2
— 7 O
T2 0,
— &pf_2 <1
O
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(AG
<= In

eh)—l—(T—Z)lnng, (65)

where: the first equivalence holds by definition (1); the second equivalence holds
by the fourth equality in equation (43). Since p > 1, Inp > 0; moreover,
T=inf{tcTi:t>t} =1t—1>T — 2. Therefore, we have

A
ln(#)—l—(t—l)lnpgo:ln(e—e

)+(T—2)lnp§0. (66)
h h

Moreover, note that

uAb
Al A6 (1—p)0,
In (== —Dlnp< In (=
n(eh)w )np_0<:>n(9h>+( = )
g

—In (%f) + [In(pA0) — In((1 — )0,

(67)

lnr

where the first equivalence holds by equation (28) and definition (4). Sum-
ming up, from implications and equivalences (65)—(67), a sufficient condition for

po(x*, p*) < g—i to hold is that

In (%) T [In(u20) — In((1 — )00)

h

In(ér)

Inr

<0. (68)

Let 1i(d) be the value of u € (0,1) that satisfy inequality (68) with equality (note
that such 1i(d) always exists). Since 6r > 1 and r > 1, we have

% > 0. (69)
Thus, the left-hand side of inequality (68) is increasing in In(uA6) —In((1 — p)6).
In turn, %[ID(MAQ) —In((1 — w)by)] = (1 5 > 0 forall 4 € (0,1), so that the
left-hand side of inequality (68) is increasing in p. Therefore, inequality (68) is
satisfied by all p € (0,7(6)]. Since p € (g—f;, 1), we have pAf > (1 — )60y, and so
In(uAf)—In((1—p)d,) > 0. Thus, the left-hand side of inequality (67) is increasing

in %. In turn, lims_,; 8‘95 1?515: limg_,q [ln <9h;39‘* 56" -In 5} = 0, where the
first equality holds by definition (3) and (4). Moreover, %hiff:) = @ 646h sInd <0

for all € (0,1). Thus, ln( ) is increasing in . Hence,

0 In(dr)
06 Inr

>0 (70)

for all § € (0,1), so that the left-hand side of inequality (68) is increasing in 0.
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Step 4. We show that fi(J) satisfies properties (i)-(iii) in the statement of

Theorem 5. By the Implicit Function Theorem, f(d) is continuous in § and
In(ér) &

OR(5 1) D 1n(u20)—In((1—12)6,)] . . . .

l(f)g ) — [1;(11 Aa;)—ln((l—u)ﬁg)} R < 0, where the inequality holds by inequalities

(69) and (70). As a result, 71(0) is decreasing in d.
Consider the left-hand side of inequality (68). Note that

‘ A0 In(or)
iy | n (5 ) + D) = (1 = )
Ag 1 it
= (5 + Ined) = (1 )]t 5
YA\
(A
(2
< 0,

where: the first equality holds by definition (3); the inequality holds because
Af < 0y, (so that S—:’ < 1). That i(6) — 1 as 6 — 0 follows.
Consider again the left-hand side of inequality (68). By definition (3), it is

immediate that lims_,; Inr = 0 and lims_,; Indr = 0, where the first equalities

hold by definition (3). By using de L’Hépital’s rule, we have lims_,; hil(f:) =
. 2 (In(ér . —(1—
lims_, %l(lflr))) = lims_y; W = g—i Hence’
: Al In(ér)
= _ _ <
(151—13 { In ( 0 ) + [In(pA0) — In((1 — w)6,)] oy } <0

O

—n (%) > (s 30) — (1~ ] -

Since

_ > 1
% g

Af 0, \ O h

o (rhe)

and 0, > A6, that 1(9) is bounded away from g—i as 6 — 1 follows. W
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F Constraint (0’) is Sufficient for Constraint (O)

Constraint (O) can be expressed equivalently as

u ( ZCV‘TPZ,t) +(1—p) ( > 6 t) (71)

t=1 t=1

[or(E) oon(S)

( e 1] Moreover, US(f1;0) = 6, for all
i€ [ “] and so Ug(fi;6) > 6, for all (g—f,l] Therefore, Ug(u,(x*,p*);d) <

pr (@, p*)Up(1; 6)+(1—pur (2%, p*))Up(0; 6) = pir (2", p*)Up(L; 0)+(1—pir (2", p"))0r
for all p.(x*, p*) € (0, u]. Moreover, since U§ is continuous, there exists @ € (p, 1)

such that, for all i € (@, 1), we have U (- (x*, p*);0) < p-(x*, p*)Us(j1;0) + (1 —

Up(p-(x*,p*);0) Y71 €T.

>

U§(f1;0) is convex and increasing in [ on [

- (x*, p*))0, for all p, (x*, p*) € [0, p], and so
Up(r (@, 9°):6) < 0, + ur (", p°) (Up (:6) — ). (72)

for all u,(x*,p*) € [0, u]. Let £(0) == US(f1;0) — 6. From equations (71) and (72),

a sufficient condition for constraint (O) to be satisfied is

(Z(St pht> (Z o' ’p“) (73)

> ll—u( x;;t> —(1—u)<21‘2t>

From definition (1), it follows that equation (73) is equivalent to constraint (O')

(60 + o (@, p)=(6)) V7€ To.

in period 7, establishing the desired result. W

G Proof of Theorem 6

Throughout Appendix G, we use the following notation:

0, — 6(0, + ()
3(A0 — £(5))

p(9) = or(9). (75)

r(d) = (74)
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Since Ug(fi;6) < 0, for all § € (0,1), we have A8—e(6) = 0, —0,— (Ug(j1;9)
0. Moreover, note that r(6) > 1, p(d) > 1 for all 6 € (0,1),

(74) = 1= 1(8) = — 57— (<A1 9__52_?’5)),
and (75) = 1 — p(8) = - & _A‘Sg(f‘;;)((s)).

G.1 Simplifying Program (P2)

Consider the following relaxation of program (P2):

mg§4m <Z 6" pht> + (1 — p) (Z 5t1p€,t>
(@.p) t=1

st. ey >0 Ve,

o0

2(5 ng“—p“ Z Qéxht_pht)

=1

ZCSt Y Onzhs — Phi) ZZ YOnzes — pes)
=1 1
Zé (Oexor —per) >0 YT €T

Z5t_7(‘9h$h,t —prt) >0 foral 7eT

t=T1

7—1 00
< 94 + 8 l’hﬂg + Z 5tTph7t>

t=1 t=T1

—Hg) >

(76)

(77)

(P2a)
(F1)

(F2)

(F3)

(1CY)

(ICh)

(IR)

(IRA)

(O')

+(1— (Zﬁmt+25t Tp“> >0, + pe(6) V7 eT.

t=T1

Program (P2a) is obtained from program (P2) by ignoring constraints (IC¢) and

(ICR). Below we solve program (P2a) and show that its solution satisfies the omit-

ted constraint of program (P2). The approach to solve program (P2a) mimics that

to solve program (P1) in Appendix B.
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G.2 Simplifying the Primal Program (P2a)

In the primal program (P2a): (i) we ignore constraint (IC¢) and constraint (O') for
7 =1, and we will verify in Appendix G.6 that they are satisfied by the solution
to the relaxed version of the program,; (ii) constraints (ICh) and (IR/) for 7 = 1,
together with the assumption that 6, > 6,, imply that constraint (IRA) is satisfied

for 7 = 1. As a result, the relaxed version of program (P2a) is the following:

@ pen u(Zét‘lm,t> +=n (Z 5“%) (P2b)
’ t=1 t=1

s.t. Loty Tht 2 0 Vre 76 (Fl)

1>y, (F2)
t=1

1> Z Thy (F3)

Z5t HOntni — pri) > Z HOnzes — pes) (ICh)
Z(s (Bpzes — peg) >0 Y7 €T (IRV)
t=1
Z(st_T(@hxh,t —pnt) 20 VT ET (IRA)
t=1

T—1 [e'e)
< (O +¢€(0))xne + Z 5tTph,t> (0)

t=1 t=1

71
—I—( (Zggl'gt—f—z:(gt Tpgt> >03+,u€(5) VT€7—1.

t=1 t=r1

G.3 The Dual of Program (P2b)

Let & = (a,8,¢ (Ao, Angs1, Yea1)ey) € R? x R3, where: « (resp., ) is the
Lagrange multiplier associated to constraint (F2) (resp., (F3)) in program (P2b);
( is the Lagrange multiplier associated to constraint (ICh) in program (P2b); for
all t € Ty, Mgy is the Lagrange multiplier associated to constraint (IR/) in period
t in program (P2b); for all ¢ € Ty, Apy1 is the Lagrange multiplier associated
to constraint (IRA) in period ¢ + 1 in program (P2b); for all ¢ € Tp, 41 is the
Lagrange multiplier associated to constraint (O’) in period ¢+ 1 in program (P2b).
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The dual program of program (P2b) is the following:

i o + 08— g(ee + pe(6))ve (P2c)
st. a>0, >0, (>0, A A1, V1 >0 VEeT (78)
t oo
a> =870, + D8 0N, + Y (- @)y, VEET, (79)
=1 T=t+1
B> 610, + Zét Gia+ S ule+ O VEET, (80)
T=t+1

5~ Zét-w,T + Z OT(1 = )y + 07 A=) =0 Ve T, (81)
_ T=2

t t
=0T 0T N ) 8 T +0 = 0 VEE T, (82)

T=2 T=2
where constraints (81) and (82) hold with equality as py; and pp,; are unrestricted

(i.e., they can be positive or negative) for all ¢ € Ty in the primal program (P2b).

G.4 A Candidate Solution to the Dual Program (P2c)

We recover a candidate solution &* == (o, 8%,¢*, (Aj 1, Mh 10711 ),,) € REXR3Y

to program (P2c).

Step 1. Solve equations (82) at successive values of ¢, starting with ¢ = 1, to find
C=u and Mo =y, forallt € Ty (83)
Next, solve equations (81) at successive values of ¢, starting with ¢t = 1, to find

A =1 and Ny =1 —p)y; forallteT. (84)
Step 2. Given equations (83) and (84), the dual program (P2c) simplifies to:

min a+f— Z(@g + pe(d)) v (P2d)

(Oz,ﬁ,(’yt)fiQ)ERQXROO
st. >0, >0, >0 VteT (85)
a > 60 — ) + (1 — ee[Z&t T Z %] Vie T,  (36)

T=t+1
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B> 0" by +

t 00
> 5 TO+ Y (0 + 6(5))%] Vte T (87)
T=2 T=t+1

Step 3. As program (P2d) is a minimization problem, its solutions must satisfy

t

a* = max {0, max {5”(94 — ) + (1 — )b, [Z 8T+ Z ’yﬁ] }} (88)

T=2 T=t+1

and

t

> 5 TOvE+ Y (9z+e(6))v:f] }} (89)

T=2 T=t+1

£* = max {0, max {5t_1u9h +u
teTo

Step 4. Guess that, for some T(8) € Ty, 7; = 0 for all ¢ > T'(6). Moreover, guess
that

t 00
S by, + 1 Z 6O + Z (0 + 5(5))7;1 (90)
=2 T=t+1
t+1 00
= 0"y + | D ST T+ Y (B + 6(5))72*]
=2 T=t+2

for all t € {1,...,T(6) — 1}. Solve equations (90) for 7; at successive values of t,
starting with ¢ = 1, to find

L (=00 (0, =00+ (1=0)0h 1o
E On — 6y — () ( 0, — 0y —£(0) ) N M_—g<5)p(5) (91)

for all t € {2, o ,T(&)}, where the last equality holds by definition (75).

Step 5. Use equation (89), the guess in equation (90), and the guess that v/ =0
for all t > T(4), to obtain

T(5)
g = u9h+u(9z+€(5))<2%*>- (92)

Step 6. By using equations (88) and (91), definition (74), and the guess that
v = 0 for all t > T(d), constraint (86) becomes

o= max {5t1(65 — 116y) (93)

te{1,...,T(6)}
o . - t—1 t—1 T(6)-1
L (L= 5>eh<5t21 (@), p0)" — p(0) )}

AG— 2(0) 1—r(0) 1— (0
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assuming that the right-hand side of equation (93) is non-negative (which we will
show to be the case in Step 8 of this section). The maximand on the right-hand

side of equation (93) simplifies as follows:

510, — ) + L= OeL = 0)6 (5” L-r()""  p0)" — p(a)T@l)

A —(6) 1 —r(J) 1 —p(0)
=610 — ) — 611 — p)fe(1 — r(6)") (94)
. %;_,_@fg?h (p((s)t—l _ p(é)T(S)—l)
_ (1 B N)efehp(é)f(ts)—l . 6t—lluA9 o 5t—1 (1 - ”)QK(AQ — 6(5))T<5)t_1,

0+ €(0) 0+ <(9)
where: the first equality holds by implications (76) and (77); the second equality
holds by definition (4). Thus, by equation (94), equation (93) is equivalent to

(1 —p)00n , T5)-1
* = ~ 72 h(6 95
« te{lI,I}?JJ)S(é)}{ 0, +£(0) p(0) (95)
- (1= p)0(A0 —(0)) , 4
— oAl — &t i d -
H 0¢ +2(0) )
Let
£ = argmax (A — )0y (5)7-1 (96)
veqr,. 7o | 0 +e0)
) L= 0B () o
—st1ung — o1 0 :
H Hg + 8(5) T< )

Moreover, let t(0) be defined as follows: ¢(J) € R such that

i (= 040 — £(8)) s
101, A g 1 gtor-1 (L= 1) 1(5)-1
) HAO + 0 6+ 200) r(9)
1 — )0, (A8 — £(6)) 5
_ 5t Ag 4 gt LK 510
HAv+ o100

Since the maximand on the right-hand side of equation (96) is concave in ¢ and

T(6) is yet to be determined (and so can be chosen arbitrarily large),
t"=inf{teTo:t>1(0)}. (97)

Note that

(1 — p)0e (A0 — £(0))

5 t(6)-1
6’4 + 5((5) 7’( )

5&(5)*1MA9 + SLe)—1
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10 (A0 — £(0))
0, + 5((5)
(1 — p)be(A8 — () t(6)—1
%id& (1= dr(8))r(8)"
— W0(A0 —£(9)) b +e(d)
0 + <(0) (1—0)(A0 —&(3))

— 5t 0 4 50 1~ (6

< u(l —90)A0 = —

< u(l —95)A0 = (1 T((S)t(é)_l

t(8)—1 pAb

— 7’((5)’ = m (98)
In (280 _
—t(5) =1+ % (99)

where the second equivalence holds by implication (77). Since p € (3—}‘;,1),

(l‘ﬁ(;el > 1, and so In <(1‘iﬁ§02> > 0. Moreover, r(6) > 1, and so Inr(d) > 0. Thus,

HAO
In <7<1—u>92>

o 1, which implies, together with equations (97) and (99), that t* > 2.

Step 7. The choice of T(d) is part of the choice of the Lagrange multipliers (v;);°,.
Thus, T(5) must be chosen to minimize the objective function of program (P2c).

Let UR*(m) denote the optimal value of program (P2c). Note that

[e.e]

UR™(m) = " + 5" = > _(0r + pe(8));

- T(5) T(5)
= o + by, + (0, + () ( 7?) — (00 + pe(9)) (Z%)

(1-29)0 t—2
M_—g(;)p@) )
(1— )0e(1 — 8)0 1 — p(5)7@1

=" + pdy — A= 2(9) = p(3) (100)
* (1 — p)beby T(5)—1

=« +M0h+94+—€(§)<1_p(5) ©) )

_ (1 — 11)0,n 5L — 5t (1 — p)0o(AG — 5(5))7&(5):5*71

0; + (9) P ) 0p 4 €(0)

( ) T(6)-1

L 2 (1= p(6)"0)
)

9h(9e+u€( ) o1 (1 — 1) 0e(A0 — £(3))
= — 2§ TuAf— 4§
0, + 2(3) Oc + (5)
where: the second equality holds by equation (92) and the guess that ; = 0 for
all t > T'(§); the third equality holds by equation (91); the fifth equality holds by

r(8)" 7,
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implication (77); the sixth equality holds by equation (95) and the definition of
t*. Since UL%(w) does not depend on T(§), we take

T(6) = t*. (101)

Step 8. We show that a* > 0. From the two previous steps, we have

* _ (1 — 11)00n T(s t*—1 o1 (1 — p)0(AG — 5(5>>T t*—1
= e PO 8T b =4 bt O
_ A=)y T (s 7@)—1 (L = wWO(A8 —£(0)) 7)1
= 9€+—€<5)P(5) — 0" NG — 5T b+ 2 (0) r(s)"®

[ (1 — )8 (6)TO = MAQ}
> §t0) k1 Nwﬂ()“%l—uAﬂ
=0
where: the first equality holds by equation (95) and definition (96); the second
equality holds by equation (101); the third equality holds by definition (75); the

inequality holds by equation (95), definition (96), and equation (101); the last
equality holds by equation (98).

Step 9. Summing up, a candidate solution £* := (a*, 5%, C*, ()‘Z,w At ’yfﬂ)::l) €
R3 x R3* to program (P2c) is as follows. For

- in (247
TO)=if{te T t>40)},  where  48) =14 — Frm=>,
we have:
o = 5?(6)—1 |:(1 i M)HKT((;)T((S)_l _ MAH]’ (102)
T
B* = by + (0 4 £(0 (Z ) 1)
=2
=i (104)
1 ift=1
,\Zt _ ’ (105)
(1 —p)y; otherwise
AZ,t = pry; forall t € Ty, (106)
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(1-0)6p t—2 . leal
. —&p(9) ifte{2,...,7()
N = A0 {_ J . (107)
0 if t > T(0)

All elements of £* are clearly non-negative. Moreover, we have

UP2 () = Hh(gjigﬂ(z(f)) _ 5T@-1,Ap (108)
_ T()-1 (1 — p)be(Af — 5(5))7, T(8)—1
5 0y +(0) (9)

where the equality holds by equations (100) and (101).

bl

G.5 A Solution to the Primal Program (P2b)

We recover a solution (z*(6), p*(6)) = (z7,(6), x;‘lvt(é),pzt(é),p27t(6))zl € R*™ to

program (P2b).

Step 1. Since Aj, > 0 for all t € {1,...,T(6)} (see equation (105)), constraint
(IRY) is binding for all such ¢. Thus,

Pis(8) = Oy, (6) forallte {1,....T(5)}. (109)

Since A, > 0 for all t € {2,...,T(6)} (see equation (106)), constraint (IRh) is
binding for all such ¢. Thus,

Pri(0) = Oy ,(0) forallte {2,....T(6)}. (110)

Moreover, guess that the solution to program (P2b) is such that

T(6)—1
>, (0) =1 (111)
=1
and
zy,1(0) = p;,,(6) =0 forall t > T(5). (112)

Step 2. From constraint (O') binding for ¢t = T'() (as 75, > 0, see equation

(9)
(107)) and the conjectures in equations (111) and (112), we have that

o0

> 5T py o (8) = B,

t=T(5)
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from which we guess that

Pz (8) = O (113)

wo (8) =1, (114)
and so 27,(6) = pj,(6) =0 forallt e {1,...,T(6) —1}. Finally, we guess that

p(6) =0 forall t > T(6). (115)

Step 3. Since ¢* > 0 (see equation (104)), constraint (ICh) is binding. This,
together with equations (110), (113), and (114), implies that 0yzj, ,(6) — p}, 1 () =
STE-1AQ or, equivalently,

1 (6) = O, (5) — 6TOLAG.

Step 4. To find z},(0) for all t € {2,...,T(5)}, we use that constraint (O’)
is binding for all such ¢ (as 7; > 0 for all such ¢, see equation (107)). From
constraint (O’) binding for ¢ = T(6) —1, we obtain [(6,+&(6)) (1 _xz,f(a)—1<5)> +
(0] + (1= )00, = 0, 4 pe(6) or, equivalently

Ly =00
o) = mg )

O Z,T(a)—

Similarly, solving for constraint (O’) binding backwards for all ¢ € {2,...,T(d) —
2}, starting with ¢ = T'(0) — 2, we obtain

IZ,A(S) =

)

=00 ( o=dt \" 0 =H0 = e
W(BI—=(0) \B0—=(5) H(A0— <)

where the second equality holds by definition (75). Finally, using the guess in

equation (111), we have

T(5)—1
7, (0) =1= > 3,09
T(5)—-1
_1_ (1=0)(1 =)0, T(5)—t—1
=12 ) Y
=0 w1 - p(9)" 7 (116)



(1 — 1) (1 — )b,

B _ T(8)—2
~ ) o)™

1 T(5)—2
= ey et ) = (1= (o),

where the fourth equality holds by implication (77).

Step 5. Summing up, a candidate solution

(*(0).9"(8)) 1= (2,(8), 23,,(0). i, (6), P} (0)) -, € RI™®

to program (P2b) is as follows. For

T(6) =inf{t € Ti:t > t(6)},
where
N,
t(é) -1 + ln ((1_M)9Z)
N Inr(s)
we have
. 1 ift=T()
$£7t(5) = ,
0 otherwise
(95+€ 577 | O + 1e(d) — (1 - M)er(5)T(5)_2] ift=1
* _ ) a-6)(1-pe T(8)—t—1
h4(0) = %0(5) ©) ift e {2,.. —1}
\O otherwise
py(0) = Opy ,(6) for all t € Ty,
) Oy, (6) — 6TOIAG  ift =1
ph,t(5) =
O}, +(0) otherwise

(117)

(118)

(119)

., (120)

(121)

(122)

Except for z}, 1(9), all elements of z* are clearly non-negative. We will show in

step 7 of this section that zj ,(6) > 0 if ¢ is sufficiently high.

Let Ub?"(7) be the optimal value of the primal program (P2b). Thus, we have

poeo(rn)o-ofEee)

T(5)—1 B
= ( Z o' 1Pm> + 07O (1~ Wi
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= m [0@ + pe(6) — (1 — u)«%p(é)ﬂ‘s)’?}
T(5)—1
AR W= !{()sfwhp<5>m>—f—1]
+ 67O (1 — o,
= 94—5—};((5) [94 +pe(0) — (1 - M)er@)ﬂé)_Q] — TG (123)
"0 fhg(5> [94 + pe(0) — (1 — M)sz(5)T(6)_2] ST A0

where: the second and third equalities hold by equations (119)—(122); the fourth

equality holds because, by definition (4), 5t 1p(5)T@ "1 = §TO)-2p(5)TO -1,

the last equality holds by using implication (76).
Step 6. We show that =*(§) — x* as 6 — 1 which implies, from equations
(50)—(53) and (119)—(122), that (x*(),p*(§)) — (x*,p*) as § — 1. This step
establishes part (i) of Theorem 6 provided that x*(J) is a solution to program
(P2), which we show to be the case in Appendix G.7.

To begin, we show that lims_,; [T(6) — 7] = 0. From equations (117) and
(48), it follows that it is enough to show that lims_,[t(6) — t] = 0. The desired

result follows by observing the following:

nmwa—ﬂ:0¢:nm[ ! ——L}:o

d=17 5—1 [Inr(d) Inr

0;,—386,
: [ YAXZ, _
= ?Ei In (eh—a(ee+e<6>> =0
5(A0—<(0))

where: the first equivalence holds by equations (49) and (118); the fourth equiv-
alence holds by definitions (3) and (74).
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Since lims_,; [T'(§) —T] = 0, that lims 1 [27,(6) —27,] = 0 for all t € Ty
immediately follows from equations (50) and (119).
Next, note that

: * 13 1 T—2
i =y, (1= 0= 00™)

11— 1oy =
S T Mgy ST, T (124)

1 1—pl uAd \ % uAd

peooop (( ) (1= )’

where: the first equality holds by equation (51); the third equality holds by equa-
tions (59) and (60). Moreover, note that

T)=inf{t €T :t>t(6)} = t(6) =1 <T(5) — 1 < t(0). (125)

From implication (125) and since § € (0,1), we have §t(5) < §7(O-1 < §HO-1,
Thus,

fn (%) A0

lim 671 — Jim 5101 — fim 5" Tsarctay — (FA0 N T (q9g)
51 51 51 (1 — )0,

where: the first equality holds by the sandwich theorem for the limits of functions;
the second equality holds by equation (99) and definition (74); the third equality
holds as lims_,1 £(9) = 0. From implication (125) and since r(d) > 1, we have
r(6)171 < r(é)ﬂ‘s)_l < r(8)"Y. Moreover, as § — 1, r — 1 (see definition (74)).
Thus,

T A
lim ()71 = lim (5101 = _#2

6—1 6—1 (1 — ;1,)9(’ (127)

where: the first equality holds by the sandwich theorem for the limits of functions;
the second equality holds by equation (98). Therefore, we have

im x; ~ lm L (1 _ T(6)—2
;. (0) =l o) [96 +pe(d) — (1= p)bep(9) ]
— I 1-p lim L(gf(é)—lr((g)f(é)*l (128)

1 1—up JI7ANC, O JI7AN
VA Q ) (=)o
where: the first equality holds by equation (120); the third equality holds by equa-
tions (126) and (127). That lims [z}, ,(6) — 7}, ;] = 0 follows from equations (124)
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and (128).
Since pT~1 = 67171 from equations (59) and (60), it follows that lims_,; pT
is finite. In addition, for all ¢ € Ty, lims_,; p* = 1. Therefore, for all t € Ty,

=)= o =011 5,
hmoi, =l 7 T A

—0, (129)

where the ﬁrst equality holds by equation (51). Moreover, since /)((5)7(5)_1 =

sTO-1p(5)TO7! from equations (126) and (127), it follows that lims_y; p(5)7 @~
is finite. In addition, for all ¢ € 77, lims_1 p(8)" = 1. Therefore, for all t € Ty,

)0s

. * T (1— )( — M T
(lslirixh,t(5> —}SI_TS 1(AG—<(5) p(0) 0"

>
T Gl S DI T(8)-1
=m0y sy

=0,

(130)

where the first equality holds by equation (120). That lims [z} (0) — x},] = 0
for all t € T; follows from equation (129) and (130).

Step 7. We show that zj ,(0) > 0 if 0 is sufficiently high.
Note that: x} |(d) is continuous in d; and lims_,; [z}, ;(§) — ;] = 0. Moreover,
in step 5 of Appendix B.4 we show that xj ; > 0 (see Remark 1). Therefore, there

exists d; € (0,1) such that z} ,(6) > 0 for all § € (J;,1).

Step 8. We show that U5E?"(1) = UE*(), so that, by weak duality, the candidate
solution to program (P2b) is indeed a solution to the program for all § € (9,,1).
To obtain the desired result, note that

Up*(m) — Up**(n) = eh(g;@::(z()ﬁ)

Te5)—1 (1 — p)0e(A0 — £(5)) . 7(5)-1
ot 0+ £(0) ()

101+ 1=(8) = (1 = 1)0p(6)" 72| + 67D rg

_ 57(5)—1MA9

O
00 +<(6)
— 57O (1 = p)Byr(5) 702

(=)0, )2
N 0, + 6((5) (6)

Te)-1 [ A0 —e(d) 1
— (1 — p1)0,p(5)" ( 0, + () i 7”(5))
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_ (1= )0y (5)T@2

0+ £(0)
T(5)—1 0h<A0 - 8(6)>
— (1= p)Bep(6)" (0 +£(6)) (0, — 6(0, + 2(3)))
(L= )08 T(8)—2 T@-1__9 !
= ) PO = = mp(0) O s
=0

where: the first equality holds by equations (108) and (123); the second to fourth
equalities hold by definitions (74) and (75).

Step 9. We show that lim;_,;[U5?"(7) — UL ()] = 0. This step establishes part
(i) of Theorem 6 provided that x*(¢) is a solution to program (P2), which we show
to be the case in Appendix G.7.
Note that
lim U*°(r) = lim géf—@ 00+ 1=(8) = (1= wfip(8)" 2|
— 1im 8T A0 + Lim 67O (1 - 10)0r(8)TO)2

o—1
- On 1 T(6)-1
= lim — (1= )0 ——
501 0y + 2(0) [9”“5(5) (1= )0 255000) }
— _ 1 —
i ST(8)—1 o T(8)—1(1 T(5)—1
(1513}5 NA9+(1513}5 (1 u)ﬁg—r(é)r(é) (131)
AO
JIAN’, )_9h JIAY
=0y — (1— ), L2 ) " HET
()
- M( 1Ad >—?f+(1_ )9( 1Ag >—?§ 1Ag
SANCET PR 06:) 06
A0
1WA T JIPAN?,
—0, — N =7 1— M=
g 9((1—M)9z) (MJF( u)(l—u)@)’

where: the first equality holds by equation (123); the second equality holds be-
cause limg_,1 £(5) = 0, lims_y r(0) = 0, lims_,; p(d) = 1, and by equations (126)
and (127). The desired result follows from equivalence (61) and equation (131).

G.6 A Solution to the Primal Program (P2a)

We show that the solution (z*(8),p*(d)) € R*® to program (P2b) described in
Step 5 of Appendix G.5 satisfies constraint (IC¢) and constraint (O) for 7 = 1
in the primal program (P2a), so that (x*(d), p*(d)) is also a solution to program
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(P2a) if ¢ is sufficiently high.

Step 1. By equations (119) and (121), the left-hand side of constraint (IC/) eval-
uated at (x*(0),p*(d)) equals 0. By equations (120) and (122), and since 6}, > 6y,
the right-hand side of constraint (IC/) evaluated at (x*(d), p*(0)) is smaller than
Op}, 1(6) — pj1(0). Thus, to show that (z*(d), p*(5)) satisfies constraint (IC), it
suffices to show that 0 > 6yx; | (0) — pj 1(0). Note that: zj,(5) and pj () are
continuous in §; lims 17} ,(0) — zj ;] = 0; and lims 1 [pj ,(0) — p} ,] = 0. More-
over, in Appendix B.5, we show that 0 > 0z}, — pj ; (see Remark 2). Therefore,
there exists d, € (0, 1) such that 0 > 6yx ,(0) — pj, 1 (0) for all § € (dy,1).

Step 2. In step 9 of Appendix G.5, we show that lim;_,;[U5?"(7) — UEY(7)] = 0.
In step 2 of Appendix D, we show that lims_,; US!(7) > 6,. Moreover, note that:
(i) the left-hand side of constraint (O) for 7 = 1 is equal to UE®(r); and (ii)
the right-hand side of constraint (O’) converges to 6, as 6 — 1 (as £(d) — 0).
Therefore, there exists d; € (0,1) such that, for all 6 € (d5,1), (x*(5),p*(9))

satisfies constraint (O’) for 7 = 1 in the primal program (P2a).

Step 3. We conclude that (z*(4),p*(d)) is a solution to program (P2a) for all
§ € (4,1), where 0 := max {9, 9,,95}.

G.7 A Solution to the Primal Program (P2)

We show that the solution (z*(d),p*(d)) € R*>® to program (P2a) described in
Step 5 of Appendix G.5 satisfies constraints (IC¢') and (ICh) if § € (9,1).

Step 1. We show that (x*(9), p*(9)) satisfies constraint (IC¢') for all T € 7Ty.

For all 7 € Ty, p;,(6) = e} ,(0) (see equation (121)). Thus, the left-hand side
of constraint (IC¢') equals 0 for all 7 € Ty.

For all 7 € Ty, Opx;, . (8) — pj ,(0) < Oy, (6) — pjr -(0) = 0, where the inequal-
ity holds because 0, < ), and the equality holds by equality (122). Moreover,
11—} 27,(6) > 0 for all 7 € Ty. Thus, the right-hand side of constraint (IC/')
is non-positive for all 7 € 77, and so (x*(J), p*(d)) satisfies constraint (IC¢') for
all 7 € T5.

To show that (x*(9),p*(d)) satisfies constraint (IC¢') for 7 = 1, we need to
show that 6,2} 1(8) — pj,1(6) < 0. In Appendix G.6, we have already shown that
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the previous inequality holds true for all § € (J,,1).

Step 2. We show that (x*(d), p*(d)) satisfies constraint (ICh’) for all 7 € Ty.
For all 7 # T(6), x;.(8) = 0 and p; (6) = 0 (see equations (119) and (121)).
Thus, the right-hand side of constraint (ICh’) equals 0 for all 7 # T/(§). Moreover,

ti(?_l w1 (0) = 1 (see equation (116)), and so the right-hand side of constraint

(ICR) equals 0 also for 7 = T'(6). Since (x*,p*) satisfies constraint (IRh) for all
T € Ty, that (z*(0), p*(J)) also satisfies constraint (ICh’) for all 7 € T follows. B

H Calculations for Section 3.1

Consider the parametric specification in Example 1: § = %, 0, =1, 0, =1,
and pu = 1%. Under such specification, by Theorems 1 and 3 and the solution to
program (P1) in Appendix B, a candidate for a seller-optimal wPBE outcome of
G is as follows (see Step 6 of Appendix B.4).

ln<’17M> _
Lt=1+—" 1420 3 andsoT =inf{t € Ty : t >t} = 3.

2. 27, =0,27,=0,and a7 3 = 1.

X T % 1-8)(1—p)0
3. Tp1 = i(l - (1 _M)PT 2) = 130( - 23_0> = %7 Tho = ( —BL(MM) £ = %a and
w”,;?) =0.
4. pzl =0, p}f’Q =0, and ng =1.

— 39 ok *« 9l 1 -
= 36> Pho = ehxh,Q - 218 - andphf’ = 0.

5. phy = Ohay, —6T A0 =21 1
6. From 2 and 4, the transfers from type ¢ = 1 to the principal conditional on
trade in period ¢, denoted by py¢, are py1 = 0, pro = 0, and py3 = 1. From
3 and 5, the transfers from type # = 2 to the principal conditional on trade

in period ¢, denoted by py ¢, are pp 1 = %, Ph2 =2, and pp3 = 0.
Steps 1-6 show that the entries of the first row in Table 3.1 in Section 3.1
describe a candidate for a seller-optimal wPBE outcome of the MCS game. To
show that this is indeed a wPBE outcome of the MCS game, by Theorems 2 and

5, it is enough to show that us(z*,p*) < 1 (see also Section E). Note that

* ¥ (1—x21)u 1—181%
T ,p )= 2 — _
l ) (I—a;)A—p)+(L—a;)p 135+ 151

from which the desired result follows.

<

|
W —
DN | —

=]

70



	Introduction
	Model
	Motivating Examples
	Example 1

	Durable-Good Monopoly
	Indirect Approach
	Outcome-Based Approach
	Upper-Bound Problem
	Lower-Bound Problem

	Seller-Optimal wPBE Outcomes
	Mediated Implementation
	Unmediated Implementation

	Conclusion
	Notation
	Proof of Theorem 3
	Simplifying the Primal Program 
	The Dual of Program 
	A Candidate Solution to the Dual Program 
	A Solution to the Primal Program 
	A Solution to the Primal Program 
	Completing the Proof of Theorem 3

	Example 2 and Example 3
	Example 2
	Example 3

	Proof of Theorem 4
	Proof of Theorem 5
	Constraint  is Sufficient for Constraint 
	Proof of Theorem 6
	Simplifying Program 
	Simplifying the Primal Program 
	The Dual of Program 
	A Candidate Solution to the Dual Program 
	A Solution to the Primal Program 
	A Solution to the Primal Program 
	A Solution to the Primal Program 

	Calculations for Section 3.1

