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Abstract

This paper axiomatically characterizes the appropriate definitions of
exploitation as unequal exchange of labour (UE exploitation)
that satisfy the axiom called Profit-Exploitation Correspondence
Principle (PECP) in every equilibrium under a general model of capi-
talist economies with neoclassical production functions. PECP requires
that, whatever the definition of exploitation is, it must follow that for any
capitalist economy and any market equilibrium, total profits are positive
if and only if any propertyless employee is exploited in terms of this defi-
nition, assuming the definition of exploitation is deemed admissible. The
main result is that every admissible definition of UE exploitation can
verify PECP under the neoclassical production economies whenever it
satisfies an axiom called Labor Value Theory of Exploitation (LVE).

JEL classification: D63; D51.

Keywords: Domain Axiom of UE Exploitation; Profit-Exploitation
Correspondence Principle; Neoclassical Production Economies.

1 Introduction

The issue of exploitative and dominance relations has been central in the capi-
talist society. It was Karl Marx (1867, 1894) who characterized the conflicting
distributional relationship in the capitalist economy as exploitative. He argued
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that the relationship between capitalists and workers is mediated by a market
contract that the worker is free to enter. Nonetheless, the worker cannot but
spend part of his/her time working for a given capitalist by entering into a con-
tract, that will be the source of profits the capitalists can receive as the return
of his privately owned productive assets. Therefore, the unequal exchange of
labor (UE) is a descriptive feature of exploitation in the capitalist economy, in
that exploitative relations involve systematic differences between the amount of
labor that individuals contribute to the economy in some relevant sense and the
amount of labor they receive in some relevant sense through their income.

However, the application of the notion of UE exploitation to the capitalist
economy involves a fundamental difficulty: unlike the case of feudal exploitation,
the division of a worker’s labor into working for him/herself and working for a
capitalist is not a matter of observation. Therefore, the existence of UE due to
the exploitative relationship should be measured through economic analysis in
the capitalist economy. To promote such an analysis, one of the central issues in
exploitation theory is to stipulate a suitable operational method to measure the
difference between the labor expended and the labor received by an individual
via his/her income.

As such a measure, Okishio (1963) provides a formal definition of exploita-
tion, and then verifies the basic Marxian view by proving the so-called Funda-
mental Marzian Theorem (FMT). FMT shows that the capitalist economy is
profitable if and only if the (average) rate of exploitation of the working class
by the capitalist class is positive. In other words, FMT verifies the classical
Marxian claim that the production of surplus value in the capitalist production
process is the unique source of positive profits in market prices.

Applying Okishio’s (1963) formal definition of exploitation, Roemer (1982)
verifies the so-called Class-Exploitation Correspondence Principle (CECP) as
a formal theorem. CECP establishes that for any capitalist economy and any
competitive market equilibrium with a positive maximal profit rate, every mem-
ber of the capitalist class is an exploiter while every member of the working class
is exploited. Moreover, every member of the capitalist class is richer than every
member of the working class. This states that in the equilibrium class member-
ship and exploitation status emerge endogenously: the wealthy can rationally
choose to belong to the capitalist class among other available options and be-
come an exploiter, while the poor have no other option than being in the working
class and are exploited.

However, the scope of both FMT and CECP seems to be limited within
a simple economic model with a Leontief production technique, whenever the
formal definition of exploitation is presumed according to Okishio (1963), which
has led to several proposals for alternative definitions. For instance, some gen-
eralized versions of Okishio’s (1963) definition, such as Morishima (1974) and
Roemer (1982, chapter 5), have been proposed through a debate on the FMT in
economies with more general production technology, while there is an alternative
definition & la the New Interpretation (Duménil, 1980; Foley, 1982).

In contrast, Roemer (1982, 1994) even cricitizes the UE notion of exploitation
and alternatively proposes the property relation definition of exploitation (PR



exploitation). Though the main motive for Roemer (1982, 1994) to propose
the PR theory of exploitation was to deny the relevance of exploitation as a
primary normative concern, in that the injustice of the unequal distribution of
productive assets should be the primary normative concern, rather than UE
exploitation.

Since then, there have been developed some criticisms against the PR theory
of exploitation, such as Cohen (1995), Wright (2000), and Vrousalis (2013),
which are also to encourage the revival of the UE theory of exploitation. They
claim that exploitation should be conceptualized as the systematic structure of
economic transactions, in which some of the fruits of the labor of the exploited
agents is appropriated by the exploiters under the institutional framework of
asymmetric power relations resulting from private ownership.

Given these discussions, however, the issue of proper formal definitions of UE
exploitation has yet remained unresolved. Axiomatic studies of UE exploitation,
then, have been recently developed by Yoshihara (2010) and Veneziani and
Yoshihara (2015, 2017a,b, 2018). These studies propose a domain axiom called
Labor Ezploitation (LE) that represents the minimal necessary condition for any
definition of UE exploitation to be deemed admissible. Moreover, Veneziani
and Yoshihara (2015, 2017a) propose a new axiom called Profit-Exploitation
Correspondence Principle (PECP). This axiom requires that, whatever the
appropriate definition of exploitation is, it must follow that for any capitalist
economy and any market equilibrium, total profits are positive if and only if
any propertyless employee is exploited in terms of this definition.

The underlying motive of axiom PECP is explained as follows. If a definition
of UE exploitation is appropriate, it should point out the existence of a transfer
mechanism by which UE is mediated: UE occurs by a mechanism that transfers
(a part of) the productive fruits of the exploited to the exploiter. In perfectly
competitive markets, neglecting the issue of rent, net outputs are distributed
into wage income and profit income. Moreover, every party receives an equal
wage per unit of (effective) labor. Therefore, the appropriation of more of the
productive fruits by exploiters must be explained as a source of income other
than wages, that is, profits. In other words, a proper formal definition of UE
exploitation should be able to verify the correspondence between UE and profits.

Veneziani and Yoshihara (2015, 2017a) axiomatically characterize the mea-
sures of UE exploitation that satisfy PECP in every equilibrium under a general
model of capitalist economies with a closed-convex cone production set. As a
result, few admissible definitions of exploitation proposed in the literature pre-
serve the axiom PECP, with only the definition & la the New Interpretation
(Duménil, 1980; Foley, 1982) being an exception. However, as Yoshihara (2017)
shows, if the production set is restricted to the one generated from a simple
Leontief technique, every definition of UE exploitation preserves PECP when-
ever it meets the domain axiom LE.

Given these works, this paper examines how much of the admissible defi-
nitions of UE exploitation meeting the domain axiom LE can verify PECP
when the production set is derived from the neoclassical production functions.
That is, each sector is assumed to have a neoclassical production function which



produces only one commodity as an output from each profile of material inputs
and labor input, and is continuous, increasing, quasi-concave, and homogeneous
degree of one. The production set derived from such functions represents an
economy with the possibility of technical changes but without joint production.

Under such economies, this paper shows that any definition of exploitation
can verify PECP whenever it meets LE and identifies the form of UE exploita-
tion by means of a proper measure of labor values. Here, we need an additional
axiom, called Labor Value Theory of Exploitation (LVE), to stipulate the class
of proper measures of labor values in each capitalist economy. LVE requires
that the amount of labor contents received by propertyless employees must be
measured by a proper system of labor values, which should be computed from
the information of an “efficient” production technique. This axiom stipulates
that any technique is deemed “efficient” if its corresponding labor productivity
is at least as high as that of the actually chosen technique in equilibrium.

The remainder of this paper is organized as follows. Section 2 introduces a
basic model of capitalist economies. Section 3 provides a quick overview of ax-
iomatic studies in Marxian exploitation theory. In particular, it povides a short
survey on the axiomatic characterizations of proper definitions of UE exploita-
tion by means of axioms LE and PECP, assuming the basic economic model
with a convex come production set. Section 4 introduces a model of neoclassical
production economies, in which the convex production set is representable by
a profile of neoclassical production functions. Then, it develops an axiomatic
analysis of UE exploitation by means of LE, LVE, and PECP under the neo-
classical production economies. Finally, Appendix argues the characterization
of UE exploitation by means of PECP, considering non-stationary equilibria.

2 Model

An economy comprises a set of agents, N' = {1,.., N}, with generic element
v € N.! Denote the cardinal number of this set by N. There are n types of
(purely private) commodities that are transferable in markets.

Production technology, commonly accessible by any agent, is represented
by a production possibility set P € R_ x R® x R’} with generic element
a = (—o, —a, @), where oy € Ry is the effective labor input; a € R”} are the
inputs of the produced goods; and @ € R’} are the outputs of the n goods. The
net output vector arising from « is denoted as @ = @ — a. P is assumed to be
closed and convex-cone such that (i) 0 € P; (ii) for any o € P with@ > 0, oy >
0 and a > 0 hold; and (iii) for any ¢ € R’} , there exists a € P such that & = ¢.
Property (ii) implies that labor and some of capital goods are indispensable for
the production of a positive amount of a commodity, while property (iii) implies

ILet R be the set of real numbers and Ry (resp. R_ ) the set of non-negative (resp. non-
positive) real numbers. For all z, y € R", z 2 y ifand only if z; 2 y; (i =1,...,n); 2z >y
if and only if z 2 y and = # y; and = > y if and only if z; > y; (: = 1,...,n). For any set,
X and Y, X C Y if and only if for any x € X, x € Y; X =Y if and only if X C Y and
YCX;and X CY ifandonly if X CY and X #Y.



that any non-negative vector of commodities can be produced as a net output.

A specific type of production technology P is of a Leontief type if there exists
a pair (A, L), where A is an n X n non-negative square matrix of material input
coefficients and L is a 1 x n positive vector of labor input coefficients, such that
P is represented by the following form:

P(A’L)E{a:(—al,—g7a)€R, xR xR} |3z eRY :a§(—L:c,—A:1:,:c)}.

Here, A is assumed to be productive and indecomposable. Another specific type
of production technology P is of a von Neumann type if there exists a profile
(A, B, L) such that P is represented by the following form:

Paprn ={oa=(—a,—a,@) eR_ xR" xR} [Fz R} :a<(—Lz,—Az,Bz)}.

where A is an n X m matrix, the generic component of which, a;; 2 0, represents
the amount of commodity ¢ used as an input to operate one unit of the j-th
production process; B is an n X m matrix, the generic component of which, b;; =
0, represents the amount of commodity ¢ produced as an output by operating
one unit of the j-th production process; and L is a 1 X m positive row vector
of direct labor input coefficients. In the following discussion, we sometimes use
the notation A; (resp. B;) to refer to the i-th row vector of A (resp. B).

Given N and P, agents commonly have one unit of labour endowment, but
can be heterogeneous in terms of their capital endowments (w}), s in each pe-
riod ¢. In the following discussion, let W; = {v € N | w} = 0} be the set of prop-
ertyless agents at period ¢t. Typically, W; would represent the set of workers who
own no material means of production. Let C' C R’} x [0, 1] be the consumption
space common to all agents, and for each v € N, let v” : C — R, be his/her
welfare function. All available welfare functions are assumed to be strongly in-
creasing in consumption bundles and decreasing in the supply of labor hours.
Thus, one capitalist economy is defined by the list £ = <N i P (u”, w),c N>'

As in Roemer (1982), the time structure of production is explicitly considered
and production activities are financed with current wealth. Agent v’s wealth, at
the beginning of period t, is given by p,_;wy: this is fixed at the end of period
t — 1 given market prices p,_;. Thus, given a price system <{pt_1, pt} 7wt> in
period t, each agent v € N engages in an optimal choice of production plan
af € P. Here, each agent (i) purchases a bundle of capital goods af at price
P, under his/her wealth constraint, p,_;w}, and employs labor power, of;,
at the beginning of this period; (ii) purchases an optimal amount of commodity
bundle 8} at price p,_; under budget constraint p, ; (w? — a?) for speculative
purposes, to be sold at the end of the period with an expected price p,; and (iii)
chooses an optimal labor supply and consumption plan, (¢/,AY) € C, where ¢
will be purchased at the end of this period with an expected price (p;,w;) under
the budget constraint of his/her revenue from both production and speculation,
and AY is the labor supplied in period ¢. This choice behavior is determined as
a solution to the optimization problem (M P}), as follows:

MPy u” (e, AY)

: max
T (e}, AY)EC; dYERY 5 o EP



st [pa —wia] +wiAY + p, 6} = pref + pwiiq;
P_16] + P = py_qwi;

v v
Piwi Z P wy .

Then, denote the set of solutions to the problem (MP}) by Of ({p;_1,p;} ,wt).
We focus on the stationary equilibrium price vector, p* = p,_; = p, (Vt).

Moreover, we focus on the non-trivial equilibrium satisfying 7 = maxqa/cp
0. In this case, according to the monotone increasing characteristic of u” at ¢f,
there always exists an optimal solution having 87 = 0. By focusing on this
optimal solution, we can remove the description of §; without loss of generality.
Therefore, we consider the following equilibrium notion:

Definition 1: For a capitalist economy, &, a reproducible solution (RS) is a pro-
file ((p*,w;); (¢, A;"); "), cn) Of a price system and economic activities
in each period, t, satisfying the following conditions:

(i) (¥, Af");ar”) € O (p*,w]) (Vt) (each agent’s optimization);

(i) Y en 0’ Z X en € (VE) (demand-supply matching at the end of each
period);

(i) >, en o = Yoven Ar¥ (Vt) (labor market equilibrium);

(iv) D enar” = > cawi (Vt) (social feasibility of production at the begin-
ning of each period).

Henceforth, we assume the stationary state on economic activities of agents
and delete the time description, ¢.

3 Axiomatic Analysis of UE Exploitation

Here, we discuss the axiom proposed by Yoshihara (2010) and Veneziani and
Yoshihara (2015, 2017a,b, 2018), which represents the minimal necessary con-
dition for admissible definitions of UE exploitation. Then, we introduce alter-
native definitions of exploitation proposed in the literature on mathematical
Marxian economics.

As a preliminary step, given any P, let us define the set of production activi-

ties feasible with k units of labor inputs by P (o = k) = {(—«a}, —a/, @) € P | a] = k}.

Given ¢ € R’}, define the set of efficient production activities to produce c
as a net output by ¢(c) = {a € P|a = ¢}. Moreover, the set of efficient

production activities to produce ¢ as a net output is denoted by 9¢(c) =

{aep(ec)|Va' €p(c), (—a] > —a; = Fi:—a} < —q; <0)}.2 Finally, let ¢ (¢; p,w) =

Qa € argmaxeg/¢c p pa/p#wa;_ | > c}.
Any definition of exploitation should be able to identify, associated with
each equilibrium allocation, the set of exploiting agents, A" C A/, and the set
of exploited agents, N*% C A/, such that N'*" N N*? = & holds. Moreover,

2By this definition, for the frontier of the production possibility set P, 8P =
{a€P|da’ € P:a’ > a}, wehave 8¢ (c) COPN{a € ¢(c)|a # c}.

et %/ ’
P a—pa—wa >
pra’



it should capture the feature of UE as the difference between the amount of
labor supplied by each agent and the amount of labor “received” through each
agent’s income. In particular, the supplied labor amount should be greater than
the received labor amount for each exploited agent. Such properties should be
preserved as a core feature of exploitation regardless of the way in which UE
exploitation is measured.

Note that for the capitalist economies considered herein, each agent’s supply
of labor is identified by A”. By contrast, how to formulate the labor amount
that each agent can “receive” through his/her earned income remains open to
debate. Based on the forms of “received” labor, a number of possible definitions
of exploitation exist.

Summarizing the above arguments, due to Yoshihara (2010) and Veneziani
and Yoshihara (2015, 2017a,b, 2018), an axiom can be proposed to represent
the minimal necessary condition for any definition of exploitation to be deemed
admissible:

Labor Exploitation (LE): Given any definition of exploitation, for any cap-
italist economy & and any RS ((p,w); ((¢”,A”); "), ), the set of exploited
agents, N'*? C N, should have the following property: there exists a profile of
commodity bundles, (¢f), ), € Rﬁw, such that, for any v € W, pef = wA
holds, and for some productive activity a® € d¢ (c¥):

veN“ oo <AV

That is, axiom LE requires that any admissible definition of UE exploitation
must identify whether each propertyless agent is exploited for each RS under
any economy. More specifically, the axiom stipulates that the set of property-
less exploited agents be identified as follows: according to each specific admissi-
ble definition, there should be a profile, (¢/), ., for each propertyless agent’s
commodity bundle affordable by that agent’s revenue, and its corresponding
profile (acz)y <y Of production activities, where each ac can produce the cor-
responding commodity bundle ¢/ as a net output in a technologically efficient
way. Then, the exploitation status of each propertyless agent can be identified
by comparing his/her amount of labor supply A with the amount of labor input
af: that he/she is able to “receive” through his/her income wA".

Axiom LE is a rather weak condition in that it only refers to the exploitation
status of propertyless agents in each RS. This should be reasonable as a minimal
necessary condition for the admissible domain. In other words, a definition of
exploitation is not necessarily deemed to be proper, even if it satisfies LE. In
fact, there may be infinitely many definitions of exploitation that satisfy LE,
and all the main definitions proposed in the mathematical Marxian economics
literature satisfy this axiom.?

30f course, this does not imply that the axiom LE is trivial. For instance, the definition
proposed by Matsuo (2008) does not satisfy LE.



To see the last point, let us consider three main definitions. First, the fol-
lowing two definitions are respectively natural extensions of Okishio’s definition
of UE exploitation into economies with a general convex cone production set:

Definition 2 (Morishima, 1974): For any capitalist economy, £, and any v €
W, who supplies A” and purchases ¢ € R}, v € N/ ted if and only if A¥ >
mina€¢(cu) aj.

Definition 3 (Roemer, 1982, chapter 5): For any capitalist economy, £, any
RS, ((p, w); ((e”,A”) ;O‘V)ue/\/)v and any v € W, who supplies A¥ and purchases
¢’ €RY, ve N if and only if A” > minges(erip,w) V-

Finally, for any capitalist economy, £, and any RS, ((p, w); ((¢/, A”); "), cn)
let aP® = Zue n @”. Moreover, for any ¢ € R} , we define a non-negative

number, 7¢ € R, , as satisfying 7¢pa®?" = pe. Then:

Definition 4 (Veneziani and Yoshihara, 2015): For any capitalist economy, &,

any RS, ((p,w);((¢/,A");a"),cp), and any v € W, who supplies A and can
purchase ¢ € R? , v € N if and only if AY > 7" aP™.

In Definition 4, for each v € W, 7¢ represents v’s share of national income,
and thus chozf " is the share of social labor that this agent receives through
the wage income sufficient to purchase ¢”. It is conceptually related to the New
Interpretation (NI) definition of exploitation & la Duménil (1980) and Foley

(1982), which was originally defined in Leontief economies.*

3.1 Profit-Exploitation Correspondence Principle

Following Veneziani and Yoshihara (2015, 2017a), the axiom of Profit-Exploitation
Correspondence Principle is given as follows:

Profit-Exploitation Correspondence Principle (PECP): For any capital-
ist economy, £, and any RS, ((p, w); ((e”, A") ;a”)yeN):

[paP" —wal" > 0e N DW,],

where Wy ={v e W| A" >0} # @.

4In the NI, the value of money is defined by the labor amount per unit of national income,
and the wage multiplied by the value of money is the value of labor power, as Foley (1986,
p. 43) states: “the amount of average social labor workers receive a claim to in the wage for
each hour they actually work—that is, as the average wage multiplied by the value of money.”

In Definition 4, for each v € W, 7" af’w = wA”pif— holds by wAY = pc¥. Since wA”

ap,w

pw
. . « . v
is ’s wage income and pJaﬁ corresponds to the value of money in the NI, AY > ¢ af’w

means that v is exploited as “a worker expends more labor hours than he or she receives an
equivalent for in wages” (Foley 1986, p.122).



That is, whatever the definition of exploitation is, it must follow that for any
capitalist economy and any RS, total profits are positive if and only if any prop-
ertyless employee is exploited in terms of this definition, assuming the definition
of exploitation is deemed appropriate. This is required by PECP.

For the available class of capitalist economies considered here, there is no
requirement of a restriction that excludes the existence of fixed capital goods,
the possibility of joint production, or of technical changes. Therefore, the cor-
respondence between profits and exploitation is required for a large class of
economies, as assumed by the standard general equilibrium theory.

However, PECP per se is not so strong. Indeed, it even allows for a situation
in which some propertyless employees are exploited in an equilibrium with zero
total profit.” This finding implies that, at least within the class of economies
with homogeneous agents, PECP is logically weaker than the statement of the
FMT, as within such economies, the latter implies that no propertyless employee
is exploited in any equilibrium with zero profit. By contrast, while the FMT
implies that the rate of exploitation for the whole working class is positive in any
equilibrium with positive total profits, PECP requests that every propertyless
worker is exploited, which is a stronger claim than that of the FMT.

Veneziani and Yoshihara (2015, 2017a) study the necessary and sufficient
condition for PECP, as stated in the following proposition:%

Proposition 1 (Veneziani and Yoshihara, 2015, 2017a): For any definition of
exploitation satisfying LE, the following two statements are equivalent for any
capitalist economy, £, and any RS, ((p, w); ((e”,AY); a”)yeN):

(1) PECP holds under this definition of exploitation;

(2) If pa®* —waf”" > 0, then for any v € W, there exists a production activity
o € P(oq = A")NOP such that a. € R, pa;, > wA”, and (a2, a%, @’) =

=2 T
nY (alcz,gcz,acz) hold for some n” > 1.

That is, condition (2) of Proposition 1 is the necessary and sufficient condition
for any definition of exploitation satisfying LE to preserve PECP. Condition (2)
states that if total profits are positive in the present equilibrium, then for each
propertyless employee, v € W, , there exists a suitable efficient production point,
ol activated by the present amount of labor supply, A¥, which in conjunction
with production activity, o, can verify that this agent is being exploited.
Recall that, according to axiom LE, production activity o is identified by
the presumed definition of exploitation, and the corresponding labor input alc‘u"
represents agent v’s “received” labor. Production activity a” € P (o = A¥) N
OP is defined as the proportional expansion of production point a up to the
point of his/her present labor supply, A”, and that produces a non-negative net

SHowever, any definition of exploitation satisfying LE does not allow the existence of
exploited propertyless employees in conjunction with zero profit.

6Note that, though all of the following analyses herein presume economies with homoge-
neous labor, the completely parallel results can be obtained even if we consider economies
with heterogeneous labor, as shown in Veneziani and Yoshihara (2015, 2017a).



output, &’ € R, that is non-affordable by v at the present equilibrium because

pa, > wA”. Therefore, since AV = o, > ozlcZ holds for such a selection of o,
we can confirm that agent v € W, is exploited at this RS, according to the
given definition satisfying LE.

Proposition 1 does not provide a normative characterization of the presumed
definition of exploitation, but rather a demarcation line (condition (2)) by which
one can test which of infinitely many potential definitions preserves the essential
relation of exploitation and profits in capitalist economies. Thus, if a definition
of exploitation satisfying LE does not generally meet condition (2), then it
will not satisfy PECP, which implies that it is not a proper definition of UE
exploitation.

Some may criticize the methodological positions of PECP and Proposition
1, claiming that PECP should be proved as a theorem rather than treated as an
axiom. In fact, as Okishio and Morishima did, the methodological standpoint
of the FMT was, assuming a specific definition of exploitation, to verify that a
capitalist economy can be conceived of as exploitative.

By contrast, Proposition 1 presumes a correspondence between positive prof-
its and exploitation for every propertyless employee as an axiom and then tests
the validity of each alternative definition of UE exploitation by checking whether
it satisfies this axiom. Such a methodology has been implicitly adopted within
debates on the FMT. Typically, whenever a counterexample has been raised
against the FMT with a major definition of exploitation by generalizing the
model of economies, this criticism has been resolved by proposing an alterna-
tive definition and proving that the FMT is held with this alternative form
under the generalized economic model. This implicitly suggests that in the
overall debate on the FMT, the validity of each form of exploitation has been
tested by the robustness of the equivalence between exploitation and positive
profits. However, even if such an interpretation is acceptable, the structure of
the debate on the FMT could not function as such, because it may involve an
infinite repetition of counterexample and alternate proposal. By contrast, by
providing an axiomatic characterization such as Proposition 1, the validity of
every form of UE exploitation is testable simply by checking condition (2).

There are economies in which, for all v € W_, condition (2) is never satisfied
if a is given by Definition 2 or 3, and thus PECP does not hold. By contrast,
Definition 4 satisfies condition (2), and thus PECP holds for all £ and all RS:

Corollary 1 (Veneziani and Yoshihara, 2015, 2017a): There exists a capitalist
economy, £, and an RS for this economy such that neither Definition 2 nor

Definition 3 satisfies PECP.

Corollary 2 (Veneziani and Yoshihara, 2015, 2017a): For any capitalist econ-
omy, £, and any RS, Definition 4 satisfies PECP.

These corollaries suggest that, at least among the main competing proposals of
exploitation forms, Definition 4 is the sole appropriate form.

10



However, the above implications can be revised whenever we restrict our
attention into the class of economies with a simple Leontief technique. Indeed, in
such a class of economies, the equivalence of positive profits and exploitation of
each propertyless employee and the equivalence of zero profit and no exploitation
are preserved for any definition of exploitation, as long as it satisfies LE.

Proposition 2 (Veneziani and Yoshihara, 2015): For any capitalist economy,
<N; Pra,ny; (u”, wE)V€N>, and any RS, ((p, w); (¢, AY); a”)yeN), PECP holds
for any definition of exploitation satisfying LE.

4 Axiomatic Analysis of UE Exploitation in Neo-
classical Production Economies

The above characterization results of Propositions 1 and 2 suggest an issue of
whether the validity of the basic Marxian perception of capitalist economies
as exploitative crucially depends on the degree of the complexity of the pro-
duction technology or not. To examine this issue, we will consider a model of
economies with neoclassical production functions, where each commodity has its
own production sector and the latter is endowed with a production possibility
set represented by a neoclassical production function. In such an economy, there
is no joint production, but each sector has a plenty of alternative techniques to
produce its corresponding commodity as an output. Therefore, economies with
neoclassical production functions are less general than the generalized von Neu-
mann production economies, but much more general than the simple Leontief
production economies.

If we obtained the same general result as Proposition 2 under the economies
with neoclassical production functions, we may say that the main source for the
difficulty in preserving the validity of the basic Marxian perception would be the
difficulty of how to measure the (socially necessary) labor content received by
agents via their income when the underlying economy involves joint production.

4.1 A Model for Neoclassical Production Economies

Assume that there are n types of physical commodities. For each commod-
ity j = 1,...,n, there is a production function f; : RT‘I — Ry such that
fj is (i) continuous; (ii) increasing; (iii) homogeneous of degree one; and (iv)
quasi-concave. Then, the set of alternative techniques to produce one unit of
commodity 7 =1,...,n, is given by:

’]}' = {(alj,. ..,anj,Lj) S jo—l | fj (alj,...,anj,Lj) = 1} .

Let 7T=7T1x...x7T,.
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For each pair ((ai;,...,an;, Lj)j:1 n) € 7, a unique Leontief production

technique (A, L) can be specified as

ail Aln
A= Do yand L = (Ly,...,Ly,).
Qan1 cee Qpp

With abuse of notation, let us denote (A, L) € 7 whenever (aij,...,an;,L;) €
7; for every j = 1,...,n. Assume that for every (A,L) € T , A is productive
and indecomposable, and L is positive. Then, as in the standard argument,
each Leontief production technique (A, L) € 7 can specify the maximal profit
rate I 4,7) > 0, which satisfies the property that there is positive vector z > 0
unique up to scale such that & = (1 + H(A’L)) Az. Then, by Kurose and Yoshi-
hara (2019), there exist (A*,L*) € 7 and a positive scalar IT* > 0 associated
with (A*, L*) such that for some z* > 0, z* = (1 +II*) A*2* holds, and for
any (A,L) € T, II* 2 114,z holds.

Let A be the set of population in the capitalist economy. Following the
convention of the classical and Marxian approach, assume that A can be par-
titioned into two-tier classes, the class of capitalists IC and the class of workers
W. The difference between these classes is that every capitalist has a positive
endowment vector of capital goods and seeks to maximize the accumulation of
the value magnitude of her own capital goods in every period of production,
while every worker has no endowment of capital goods and seeks to maximize
the welfare of her consumption available from her wage revenue in each period.
Each worker has one unit of labor endowment. There is no skill difference among
workers, and there is no heterogeneity in the type of labor. Thus, the aggregate
labor endowment of this society is W = #W.

Every worker has a common consumption space, which is defined as fol-
lows. First, let b € R}, be the subsistence consumption bundle that every
worker must consume for her own survival per unit of working time. Let
¢ : [0,1] — R be a continuous correspondence such that for each working
time A € [0,1], ((A) = {c €R} | ¢ = Ab}. Then, the consumption space C
is specified by the graph of this correspondence, that is, C = graph (¢) =
{(e,d) € RY x [0,1] | ce C(A)}.

FEach worker p € W has her own preference ordering over C' which is repre-
sented by a utility function u# : C' — R which has the following specific form:
for any (¢, A) € C, v (¢, A) = ¢" (¢) — A, where ¢/ is continuous, strongly
monotonic, and quasi-concave on ¢ (A) for every A € [0, 1], such that for each
(Ab,A) € C, ¢ (Ab) = A. By this construction, u* (Ab,A) = 0 for every
A € [0,1], which specifies her minimal level of utility necessary for surviving.

Let (py, p,_1,we) be a market price system prevailed at the beginning of the
present period ¢, where p,_; € R’} is the price of n commodities expected to
be prevailed at the end of period t — 1; p, € R} is the price of n commodities
prevailed at the end of period t; wy € Ry is the wage rate expected to be
prevailed at the end of the present period ¢. Here, the subsistence consumption
bundle is chosen as the numeraire, so that p,b=1 and p,_;b= 1.

12



Then, each worker . € W should solve the following optimization program
MPtN (pt7 Di_1, wt):

max u* (e, A) subject to p,c < wiA.
Jnax (¢,A) subj pic = wy

By the above construction, if the wage rate is the subsistence level, w; = 1,
then p is indifferent to the supply of labor time and her optimal consumption
bundle is simply bA for every A € [0,1]. In contrast, if w; > 1, then A = 1 is
her optimal labor supply and her optimal consumption bundle meets ¢’ > b
whenever p, > 0.

In contrast, each capitalist v € K should solve the following optimization
program M Py (pt, Pi_1, wt):

max pwy
(y},6Y,(AY, LY )R xR x T~ 0 11
subject to
ptwty—i-l = py +p6 + (pt—l [wy — Afyi — 6?]) —wi L{yy;

pwi 2 P Aly] + P10

Here, (AY,LY) € T is the optimal Leontief technique chosen by the capitalist v
from the universal set of production techniques 7 at prices (pt, Pi_1, wt), and
07 € R% is the commodity bundle which is purchased with prices p,_; at the
beginning of the period ¢ and sold with prices p, at the end of the same period
for the sake of speculation. Note that for any capitalist v € K and for each

Pit pje—wi Ly,
Pit—1 pt—1AY,
Let wy = ), o wi, and A; be the aggregate labor endowment of the society
at period t. Then, an equilibrium solution concept for this economy can be

specified as follows:

commodity i = 1,...,n, 67, > 0 if and only if > max;—i,..n

Definition 5. A profile (p;, p,_,, w;) associated with ((yt”7 07, (AY, LY)) e » (€ Af)uew)
is a reproducible solution (RS) for the economy <(IC, W) T; (u“)uew T Wi W>

at period t if and only if it satisfies the following conditions:

(1) for each € W, (¢}, A}') is a solution to the program M P} (p;, p;_ 1, wy);

(2) for each v € K, (y¥, 8¢, (A7, LY)) is a solution to the program M P} (p;, p;_1,w:);

(3) Xoe ¥+ 2vex 0l 2 Xex Wi T 2 ew € (excess demand condition

for commodity markets);

(4) Xvex LYyl = > .ew AV (equilibrium for labor market);

(5) Dexc AV Yy + e 0 =D, cxcwy (social feasibility of production); and

(6) D ek Wit = X e wy (reproducibility).

~— ~—

Note that the condition (5) should be satisfied only with equality at RS with
p;_, > 0, since every capitalist would like to sell all of her own capital w to
meet p,_ AYyY + p,_167 = p,_w{ in her program MPY (p,, py_1,wy).
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Assume that this RS is non-trivial, that is, >° . yy > 0 holds. This

pjt—wilf , it :
wn Tp gAY, = MaXj=1, holds. In this

implies that, max,cx max;—_; . Ry
o

case, without loss of generality, we can assume that every agent’s competitive
choice of technique is identical: (A}, L) = (A;’/,Lé’l) for any v,v’ € K. Let

(A(pt’ptfl’wtlL(pt’ptfl’wt)) = (AY, LY) for any v € K. Then,

(Pt717t—1awt)

Pjt — thj > Djt
max ( 7 2 max ———
J=L..n PtsPr—1,Wt J=1....n Pit—1

ptflAj J

holds, which further implies that d; = 0 constitutes an optimal solution for
every v € K. Therefore, without loss of generality, consider 87 = 0 for every
v € K in the non-trivial RS.

Then, as 3° o\ ¢ =3, cx bLYy} > 0 follows from the definition of work-
ers’ consumption space C, Definition 1-(3) with ), d; = 0 and 1-(6) together
imply that } .,y > 0. This implies that all sector must be activated in the
non-trivial RS, which implies that all sectors are equally profitable: there exists
7 € R such that

(Pt7pt_1 7wt>
J
(pnpt—hwt)
pt—lAj

it —wel
1+7rt:10]t t

forany j=1,...,n.

In other words, in the non-trivial RS with )
price system (pt,pt_l,wt) satisfies:

vex 0¢ = 0, the equilibrium

p = (1+m) PtﬂA(p“pt_“wt) + th(p"pt‘l’w‘)-

Then, as ) ccwiLiyy =) pew Pt ¢} holds in equilibrium, it follows that

Z pwiy = (147 Z prwy.

velkl vek

Finally, if p, | = p;, then by >° A7y} = > . wy, the condition (6) is
equivalent to 3 (I — AY) yy 237 e .

Let a RS (p;, py_1,w:) be called stationary if p,_; = p,. In the following
discussion, we will focus on a stationary RS. Note that at a stationary RS,
any subscript to present time can be removed. Therefore, a stationary RS is

represented by (p,w) associated with (('y”,A(p’“’),L(”vw))ue’C , (c“,A”)HeW).

Denote the maximal profit rate associated with the stationary RS (p,w) by .
Let us introduce the following assumption.

Assumption 1: For any (A, L) € T, L (I — A)"" b < 1 holds.

This condition is to ensure the possibility of surplus products for this soci-
ety. This is because L (I — A)~" b represents the minimal amount of labor time
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necessary to produce b as the net output by using the technique (A4, L). If
L(I- A)f1 b = 1, this implies that by using the technique (A, L), the society
can at most make the workers with the subsistence level, and no room for capital
accumulation. The capitalist economic system is not interesting in such a low
productivity level of technique.

Let y, =, cxc y7- Then:

Theorem 1. Let (p, w) associated with ((yt”, AlPw) L("”w))ye’C (et A“)H€W>

be a stationary RS for the economy <(IC, W) T5 (W) e s wis W> at period t.
Then, the following condition holds:

(i) If (w,7) > (1,0), then APy, = w,; and L@y, = W;

(ii) If APy, = w, and L®®y, = W, then 7 > 0 and w > 1. In particular,
if w=1, then 7 > 0;

(iii) If APy = w,; and LP®)y, < W, then 7 > 0 and w = 1;

(iv) If APy, < w; and LP®y, = W, then 7 =0 and w > 1.

Proof. For (i). As w > 1, for every u € W, A* = 1 is the unique optimal
labor supply at prices (p,w). Therefore, in the stationary RS, condition (3)
of Definition 5 implies that LP®y, = W. As pw,; = (1+7) pAPWyy +
[pwt” — pA(p’w)yt” ] is the optimal capital accumulated by each and every capi-
talist v € K. Note that p > 0 holds from

1
p=wL®Pv) [I - (14 W)A(pﬂ”)} >0

in the stationary RS. This follows from LP*) > 0 and [I — (1 + 7)APv)] s
0, where the latter two strict inequalities follow from the presumption that 77 x
75 consists of Leontief techniques whose labor coefficient vectors are positive and
whose material input coefficient matrices are productive and indecomposable.
Note that w > 1 implies that 7 is less than the maximal profit rate obtained
from the Frobenius eigenvalue of A®%). Thus, as p > 0 and © > 0, every
capitalist’s optimal solution y; should meet that pA(”’w)yt” = pwy. Therefore,
in this RS, we have pA(”’“’)yt = pw,. As p > 0, we have A(p’“’)yt = w;.

For (ii). Let A®%y, = w; and L")y, = W in this RS. Suppose 7 < 0.
Then, pwY,; = (1+7) pAP®yy + [pwy — pA(p’w)yQ’] < pwY holds for any
v € K. Therefore, her optimal solution is only y; = 0 for any v € K. Thus,
A(”’w)yt < wy, which is a contradiction. Suppose w < 1. Then, [* = 0 is the
unique optimal labor supply at prices (p, w). Thus, to preserve the condition (3)
of Definition 5, L(P*)y, = 0 must hold. However, it contradicts L(P")y, = W.
Thus, 7 =2 0 and w = 1. Let, in particular, w = 1. Suppose r = 0. In this
case, p = L®®) [[ — A®)] ™" holds. Then, 1 = pb= L®®) [[ — APw)] ' p,
which contradicts Assumption 1. Therefore, 7 > 0 should hold.

For (iii). By (i), A®»")y, = w; implies that 7 = 0. By L®PWy, < W,
w < 1 holds from (i). Indeed, if w > 1, we have to have L(p’“’)yt = W as shown
in the proof of (i). Suppose 7 =0 or w < 1. Let w < 1. Then, for every worker

15



@ € W, A* =0 is the unique optimal labor supply at prices (p,w). Therefore,
the condition (3) of Definition 5 implies that y, = 0, which contradicts from
A(”’w)yt = w;. Therefore, w = 1 should hold. Thus, suppose 7 = 0. In this

case, p = LPw) [I - A(p’w)]_l, and so by the same argument as the last in
the proof for part (ii), we derive a contradiction from Assumption 1. Therefore,
7w > 0 should hold.

For (iv). By (i), if 7 > 0, then A®%)y, = w,, which contradicts from
APy, < w;. Therefore, 7 = 0 should hold. By (ii), w = 1. If w = 1, then
again we have p = L®) [I — A(pvw)] _1, and so 1 = L®w) [I — A(”vw)] - b, a
contradiction. Therefore, w > 1 holds. m

4.2 Characterizations of UE Exploitation in Neoclassical
Production Economies

Let us characterize the class of the definitions for UE exploitation in neoclassical
production economies. As a preliminary step, let v(®P%) = L(P:w) (I — A(W"))A.
Then, consider the following new axiom:

Labor Value Theory of Exploitation (LVE): Consider a definition of ex-

ploitation satisfying LE. For any capitalist economy <(IC7 W) T (u) ey s wis W>

and any RS (p,w), ozlcZ < P ¥ holds for any v € W.

This axiom requires that any admissible definition of exploitation should mea-
sure the labor content received by propertyless agents according to the labor
theory of values. That is, the socially necessary labor time for the reproduction
of labor power should be evaluated by means of a properly defined vector of
labor values.

Given a RS (p,w), the vector v(P*) represents a profile of labor contents
inputted directly as well as indirectly to (re)produce one unit of each sector’s
net output, which is determined by means of the competitively chosen technique
(A(T’vw), L(pvw)). If an economy with a simple Leontief technique is presumed,
the vector v®%) should be definitely conceived as the proper definition of labor
values. However, in an economy with many alternative techniques, like the neo-
classical production economies with #7 > 1, a serious debate has been occurred
regarding how to formulate the labor values under such an economy, and so the
vector vP®) would not necessarily constitute the appropriate formulation of
labor values.” Having such a situation, the axiom LVE stipulates the upper
bound of admissible forms of labor values by means of v(P®).

This upper bound is weak enough for allowing a rather broad class of admis-
sible labor theories of values, in that there are infinitely many potential forms

"For instance, following Marx (1847), Morishima (1974) defines the labor values as the
“optimum values,” which are defined as the minimizer of the labor expenditure: v™® =
argmin g ryer L (I — A)~1 b like Definition 2. In contrast, Morishima (1974) calls the vector

v(PW) the “actual values.”
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of labor values satisfying this constraint. Indeed, all of Definitions 2, 3, and 4
satisfy LVE.

With this additional axiom, we are now ready to characterize the admissible
definitions of exploitation under which PECP holds:

HEW
any stationary RS (p,w), PECP holds for any definition of exploitation satis-
fying LE and LVE.

Theorem 2: For any capitalist economy, <(IC,W) ;T (ut) s We; W>, and

Proof. For a stationary RS (p, w), let # > 0. Take any definition of exploitation
satisfying LE and LVE. Then, there exists a profile of commodity bundles,
(), e € R, such that, for any v € W, pe/ = wA” holds, and for some
production point, a® € d¢ (c), it follows that v € N*¢ & ochZ < AV

As the production possibility set in this economy is given by

Pr={a=(-a,—a,a) e R xR" xR} |I(A,L)eT &Iz R} :a < (—Lz,—Az,z)},

there exist (A4, L) € T and y > 0 such that a® = (—Ly, —Ay,y). Note that
by the assumption of 7, for any ¢/ > 0 and any (A, L) € T, there exists y > 0
such that (—Ly, —Ay,y) € 0¢(c’).

Without loss of generality, take ;€ W,. Then,

p = (1+m)pAPW 4 L)
~1
= 71pAPw) (_r _ A(nw)) + woPw)

i

pct TpAPw) (I - A('p’w)) - 4 woPw) ek

i

-1
wA* = gpAPw (I - A(p’w)) ¢+ woP et

Thus, A* > v®®) ¢ holds by m > 0. By LVE, it follows that alcg < A*) which
implies € N4,

Next, let 7 = 0. Then, we have A* = v(P®)¢#. Moreover, for any (4, L) €
T, it follows that

p = (I+7m)pA+wl
4
p < wpAl— A +wv=wv
54
pct < woudk.

Thus, wA* < walcg follows from LE and LVE, which implies p ¢ N?e?.
In summary, PECP holds. m
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The above theorem shows that under the class of neoclassical production
economies, the equivalence of positive profits and exploitation of each property-
less employee and the equivalence of zero profit and no exploitation are preserved
for any definition of exploitation, as long as it satisfies LE and LVE. Combined
with Propositions 1 and 2, this theorem may suggest that the main source for
the difficulty in preserving the validity of the basic Marxian perception would be
the presence of joint production in the underlying model of capitalist economies.

Remember that, as discussed by Morishima (1974), the presence of joint pro-
duction makes it difficult to measure labor value of each individual commodity.
Given this difficulty, Morishima (1973, 1974) and Roemer (1982, chapter 5)
propose alternative definitions of exploitation. They are defined over the class
of more general economic models such as the von Neumann production or the
general convex production set, without relying on the determination of indi-
vidual labor values. However, as shown in Corollary 1, these solutions do not
successfully work to verify the basic Marxian perception represented by axiom
PECP whenever the presumed economic models are such general types.

Note that the model of neoclassical production economies considered here
is a special case of the von Neumann model as well as the general convex eco-
nomic model. However, because of the lack of joint production, neoclassical
production economies allow us to define individual labor values as the vector of
the standard employment multipliers. In such a case, Theorem 2 implies that
the basic Marxian perception can be verified under many admissible definitions
of exploitation including the ones proposed by Morishima (1974) and Roemer
(1982, chapter 5).
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6 Appendix: PECP for non-stationary RS in
Neoclassical Production Economies

Theorem 2 in section 4.2 characterizes the class of appropriate definitions of
UE exploitation in terms of PECP under neoclassical production economies by
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presuming the stationary RS. In this appendix, we will examine PECP under
neoclassical production economies by taking a non-stationary RS which was
given in Definition 5.

Consider a neoclassical production economy <(IC, W) T; (u“)ueW TWi; W>,

and let (p;, p;_,,w;) associated with ((y?,&t”, (AY,LY)),ex s (cff,Af)MeW) be
a non-trivial RS in period ¢, which is not necessarily stationary. By the non-
triviality, it follows that p, < (1 + m¢) p,_;. We may say that for the non-trivial
RS, the equilibrium real profit rates are positive if p, < (1+ 7)) p,_; holds.
This is because the equilibrium profit rate m; is nominal in nature and so the
nominal return rate minus inflation rates would be identical to the real return
rates.

We will show the correspondence between UE exploitation and real profits
for a non-trivial RS as follows, which verifies PECP for non-stationary RSs:

Theorem A1l: Take any definition of exploitation satisfying LE and LVE. For
any capitalist economy, <(IC, W) T; (u“)#ew T We; W>, and any non-trivial RS
(pt, pt_l,wt), the following statement holds true: the equilibrium real profit
rates are positive: (1 + ) p,_1 — p; > 0 if and only if for any p € Wy, u is
exploited in terms of this definition.

Proof. For a non-trivial RS (pt, Pi1, wt), the equilibrium price system meets
the following equations:

P = (1 + 7Tt) pt_lA(Ptvpt—pwt) + th(PuPt—lywt>.

Let (14 m¢) p_q; — p; > 0. Then, from the above system of equations, we
have:
Dy > ptA(ptth—hwt) + th(Pppt,l,wt)'

Thus, we have:

By (1 A0 > o),

1
which further implies by (I — A(p“pt*““’f)> > 0 that

p, > wtv(pt’pt—l’wt) > 0.

Hence, by multiplying ¢/ > 0 from the right in both sides, we have:

p.c > wtv(”t’ptfl’wt)cg.
As wA* = p,c by axiom LE, we have w;A* > wt'v(p“p‘—l’wf)cg > wtalcg by
LVE, which implies for any u € W, , € N'*? holds.

Next, let (14 m¢)p;_1 — p, = 0. Then, following the similar analysis to
that in the proof of Theorem 2, we obtain p, = wtv(pt’ptfl’wf) < wv for
any (A,L) € T and so wA* = wtv(pt’ptfl’wf)cg < wtalcg for any definition
satisfying LE and LVE, which implies for any u € W,, u ¢ N*9 holds. m
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