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Abstract

This paper critically analyses the approach to the determination of
values, or commodity contents, developed by Fujimoto and Opocher
(2009). Even setting aside various problematic de�nitional issues, the
broader implications of the approach for classical theory are unclear.
First, the value-theoretic de�nitions of skill di¤erentials and bads cap-
ture at best necessary conditions and it is unlikely that such de�ni-
tions can be provided by focusing only on the technological data of
the economy. Second, the approach has various interesting implica-
tions concerning the relation between productivity and exploitation
that directly contradict some of the authors�claims.
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1 Introduction

In a recent contribution, Fujimoto and Opocher (2009; henceforth, FO) have
proposed an interesting approach to the determination of values, or com-
modity contents, which aims to generalise Fujimoto and Fujita (2008).1 The
key feature is the complete symmetry between goods and di¤erent types of
labour in the de�nition of values: for any two commodities (including various
types of labour) i and j produced in von Neumann-Morishima economies, it
is possible to identify the commodity i value of commodity j, denoted as
�
(i)
j , and thus the whole vector of commodity i values �

(i). According to
FO, this approach allows one to de�ne values (including labour values) in
a more general context than the standard one and also to analyse a num-
ber of issues traditionally neglected in classical approaches. For example, a
value-theoretic de�nition of bads, and of skilled vs. unskilled labour, can be
provided based solely on supply-side data.
The framework is innovative and formally sophisticated, but its theoret-

ical foundations and some of the key arguments are not entirely compelling.
In particular, FO do not provide a thorough theoretical defense of their de�n-
ition of values (FO, 2009, De�nition 1, p.4), whose main advantage, according
to them, is to generalise standard de�nitions and to establish a complete sym-
metry between (all types of) labour and other goods. Yet, a purely formalistic
approach to the de�nition of values leaves a number of possibly problematic
theoretical issues unanswered. For example, it is rather unclear why the
value of good j in terms of good i should be de�ned as the amount of good
i directly or indirectly consumed �in order to make possible the production
of one unit of [j] as net product�(FO, 2009, p.2, emphasis added), over and
above the workers�consumption bundle. This is at odds with the standard
de�nition of labour values in a Leontief system. Even more puzzlingly, why
should the economy be required to produce a net output of labour in order to
de�ne values? And what does it mean, from a theoretical viewpoint, to say
that one unit of labour is produced as net product? Furthermore, it is quite
unclear that the activity vector solving the optimisation programme (AG)
(FO, 2009, p. 6) has any economic meaning, or even any direct relevance to
the de�nition of values, as suggested instead by FO.
Even setting aside the above de�nitional issues, the broader implications

1Throughout the paper, the terms �value� and �commodity content� are used inter-
changeably, following standard practice and FO�s (2009, fn.2) suggestion. No argument in
the paper depends on the speci�c terminology adopted.
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of the formal framework proposed by FO (2009) for classical theory are un-
clear. In the rest of this comment, sections 2 and 3, respectively, highlight
a number of shortcomings of the value-theoretic de�nitions of bads, and of
skilled vs. unskilled labour, whose discussion takes up almost half of the
substantive analysis in FO (2009). Section 4 analyses FO�s claims on the
relation between productivity and exploitation. Although exploitation the-
ory is not the main focus of FO, it is a central topic in classical approaches
and the framework proposed by FO has interesting implications for the so-
called �Generalised Commodity Exploitation Theorem�(e.g., Roemer, 1982;
henceforth, GCET) which directly contradict some of FO�s arguments.

2 Bads

According to FO, their approach shows that �von Neumann-Morishima mod-
els can be useful in the distinction between goods and bads�(FO, 2009, p.9).
To be precise, bads are de�ned in terms of their commodity i content.

De�nition 1 (FO, 2009, De�nitions 2 and 3, p.8): Bads of the �rst category
are those commodities which have zero content for any type of labour as the
standard. Bads of the second category are those bads of the �rst category
which have a zero own commodity content.

De�nition 1 is interesting and original, but ultimately unconvincing. The-
oretically, the intuitive concepts of goods and bads are arguably linked to
some notion of human welfare, welfare functions, or similar. De�nition 1, in-
stead, focuses only on production data, without specifying any link between
the intuitive notion of bads in terms of welfare and their commodity content.
Thus, it can capture, at best, necessary conditions for a bad, but certainly
not su¢ cient conditions. It might be reasonable to say that if a commodity
is a bad, then it has zero labour (or own commodity) content. But it is
arguably false to say that every commodity with zero labour value is de�n-
itionally a bad. De�nition 1 seems to misleadingly identify bads with some
kind of free-goods (in the sense that no labour is necessary in the production
process). Formally, this can be seen by noting that whenever at the solution
of the dual (AG) output of good i strictly exceeds the replacement of inputs
and workers�consumption, then the value of good i in the primal (VG; FO,
2009, p.5) must be zero.
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Let B and A represent the output and input coe¢ cient matrices, inclusive
of household activities to produce labour in general. Consider the numerical
example analysed by FO (2009, p.8). They suppose that good 1 is an ordinary
commodity (corn), good 2 is a pollutant (manure), and good 3 is labour.

B �

24 11 0 0
0 0 1
0 0 1

35 , A �
24 1 0 1
0 10 0
1 1 0

35 ,
Using labour (good 3) as the numeraire, FO (2009, p.8) prove that the opti-
mal solutions of (AG) and (VG) are, respectively, x� = (1=9; 0; 10=9)0 and
q� = (1=9; 0; 10=9),2 which implies that manure is a bad of the �rst type.
This example seems at best inconclusive. First, it is unclear that the

example can provide valid support to De�nition 1 from a methodological
viewpoint: that good 2 is manure is assumed, and it is precisely this as-
sumption that makes the example plausible. No argument is provided to
suggest that every good commonly considered as a bad will have a similar
production structure. Second, suppose that, instead of manure, the economy
produces a good called �oil�with a very ine¢ cient production process (e.g.
because the so-called �peak oil� has been passed). Formally, the economy
is identical to the above, except that the second columns of B and A are
replaced, respectively, by B2 = (0; 2; 0)0 and A2 = (0; 12; 1)0. It is immedi-
ate to show that the solution vectors of the optimisation programmes are
again x� = (1=9; 0; 10=9)0 and q� = (1=9; 0; 10=9). But why should �oil�be
considered as a bad in any intuitively relevant sense?
Third, and perhaps more important, consider another economy which pro-

duces goods 1 and 3 as above, and another (properly unspeci�ed) commodity
according to B2 = (0; 1; 0)0 and A2 = (0; 0:5; 1)0. Again, if labour is chosen
as the standard of value, then the solution vectors are x� = (1=9; 0; 10=9)0

and q� = (1=9; 0; 10=9): And, again, by simply looking at the production side
of the economy, it is quite unclear why good 2 should be de�ned as a bad,
especially if one notes that the second process cannot be interpreted as a
pure disposal process in any meaningful way.
The previous examples suggest that perhaps De�nition 1 would be better

derived as a formal result proving that, under some theoretically relevant de-
�nition of bads, the labour (or commodity) content of a bad is zero. Yet, as

2Note that the expression x0 represents the transpose of the vector x. If x =
(x1; : : : ; xm) is a row vector, then (x1; : : : ; xm)0 is a column vector.

4



already noted, it is unlikely that a theoretically satisfactory and intuitively
appealing de�nition of bads can be obtained �on the sole basis of techno-
logical data�(FO, 2009, p.11) and independently of some notion of human
welfare. Moreover, if the de�nition of bads does depend on some notion of
human welfare, then it is not obvious that any commodity that is a bad in
welfare terms must have zero labour (and possibly also zero own commodity)
content. Not all bads are simply joint products of other production processes,
which only need to be disposed of. Nuclear weapons, for example, might be
regarded as bads, at least according to some notion of welfare, because there
is a nonzero probability that they might lead to the extinction of human life.
Yet, various types of capital and labour are used in the production process
of nuclear weapons, which implies that the latter have nonzero labour value.

3 Skilled and Unskilled Labour

The de�nition proposed by FO (2009) aims to incorporate the intuition that
the production of a unit of skilled labour requires more labour of any type
than the production of a unit of unskilled labour. Formally:

De�nition 2 (FO, 2009, De�nition 4, p.9): Labour of type i is less skilled
than labour of type j whenever �(i)i < �

(i)
j and �(j)i < �

(j)
j :

De�nition 2 is interesting, but not entirely convincing. Again, arguably,
it can at best capture necessary conditions for skill di¤erentials. In general,
the property of being skilled or unskilled pertains to workers and it describes
their characteristics as the �nal outcomes of processes of accumulation of
knowledge, but also as the product of innate abilities. Therefore, although it
might be true that skilled labour has normally a higher labour content than
unskilled labour, it is rather unclear that every type of labour that has a
higher labour content is necessarily more skilled. Innate abilities may make
an untrained worker more skilled than a very educated one. Di¤erent types
of labour should be de�ned in terms of their actual characteristics and not
by the process of their �production�.
Even more puzzling is that De�nition 2 holds even if no labour (and

therefore no education or training) is spent on either type of labour. A type
of labour can be de�ned as more skilled simply based on the labour content
of the bundle of physical commodities used in its reproduction. To see this
extremely doubtful property, consider the example by FO (2009, p.10):
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B �

266664
1 0 0 0 0:9
0 11 0 0 0
0 0 0 1 2
0 0 0 1 0
0 0 0 0 1

377775 , A �
266664
0 0 0 0 1
0 1 0 1 2
0 0 10 0 0
10 1 1 0 0:1
1 0:2 0:1 0 0

377775 .
The �ve rows represent, respectively, the following goods: a �luxury�com-
modity, corn, manure, �unskilled labour,�and �skilled labour.�Solving the two
linear optimisation programmes using goods 4 and 5 as a numeraire, respec-
tively, FO (2009, p.10) prove that �(4)4 < �

(4)
5 and �(5)4 < �

(5)
5 , and conclude

that labour produced according to the �fth process is indeed more skilled
than labour produced according to the fourth process. Both this conclusion
and the example as a whole are quite puzzling.3

It is slightly odd that no labour of any type is used in the production of
unskilled labour, given that the matrices B and A incorporate also reproduc-
tion activities. And it is rather peculiar that no skilled labour is used in the
production of skilled labour, even though it seems reasonable to assume that
education and training - an obvious type of skilled labour - play an important
role in the production of skills.
The most puzzling feature of De�nition 2, though, can be illustrated

with a simple modi�cation of the example. Consider the same economy
as above but suppose that A45 = 0 so that no labour of any type is used
in the production of any type of labour. Taking �unskilled labour�(good 4)
as the numeraire, it can be shown that the vector of labour values is �(4) =
(490
43
; 11
86
; 0; 11

86
; 60
43
). Similarly, taking �skilled labour�(good 5) as the numeraire,

the vector of labour values is �(5) = (11
9
; 1
45
; 0; 1

45
; 1
6
). Because �(4)4 < �

(4)
5

and �(5)4 < �
(5)
5 , according to De�nition 2, one should conclude that labour

produced according to the �fth process is more skilled than labour produced
according to the fourth, even though no labour is used in the production of
either type of labour. This is extremely counterintuitive, especially if one
notes that goods 1, 2 and 3 may just be consumption goods, with no relation
whatsoever to the production of skills. But then, di¤erent types of labour
would be de�ned as more or less skilled simply based on the amount of labour
contained in their consumption bundles. From this viewpoint, De�nition 2 at

3It is worth noting in passing that it is rather unclear in what sense the �rst commodity
is a �luxury good�: this concept is unde�ned and it is by no means obvious how it might
be de�ned based only on production data.
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most implies that reproducing one unit of type j labour needs more resources
(measured by the units of type i and type j labour) than reproducing one unit
of type i labour. This is arguably not the essential feature of the notions of
skilled and unskilled labour, but, if anything, it characterises high-paid and
low-paid labour. Yet, since prices and wages are not explicitly included in
the analysis, the latter conclusion can only be tentative.
The previous example also suggests that at best De�nition 2 can cap-

ture necessary conditions for skill di¤erentials. Perhaps one might provide
a di¤erent de�nition of skilled and unskilled labour and then prove that the
inequalities in De�nition 2 must hold. Yet, as already noted, it is quite
unlikely that a theoretically relevant and intuitively appealing de�nition of
skilled labour can only focus on the inputs necessary to produce it, without
mentioning its �nal characteristics. Further, in the framework proposed by
FO, it is di¢ cult to distinguish between di¤erences in skills, as commonly
interpreted, and heterogenous labour as understood in the classical frame-
work. According to FO (2009, p.3), �any kind of labour services comes into
our model just like ordinary commodities,�which implies that labour of type
i and labour of type j in De�nition 2 can be regarded as two types of het-
erogenous labour, say intellectual labour and manual labour, respectively.
However, in this case, it seems inappropriate to de�ne these two types of
labour in terms of skilled and unskilled, since it is unclear how one hour
of intellectual labour can be regarded as being indi¤erent to some hours of
manual labour, without price information.

4 Productivity and Exploitation

Consider standard von Neumann-Morishima economies with one type of ho-
mogeneous labour and no joint production, so that B and A are

B �
�
I 0
0 1

�
, A �

�
A c
L 0

�
,

where A is the n� n matrix of intermediate inputs, L is the 1� n vector of
direct labour inputs, and c is the n � 1 workers�consumption vector. The
following assumption guarantees the productivity of the system.

(A1). The matrix (B� A) satis�es the Hawkins-Simon conditions.

For all i = 1; :::; n+ 1, the commodity i values are given by:
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(1) �(i) � (�(i)1 ; �
(i)
2 ; :::; �

(i)
i�1; �

(i)
i ; �

(i)
i+1; :::; �

(i)
n+1) = �

(i)
[i]A,

where �(i)[i] � (�
(i)
1 ; �

(i)
2 ; :::; �

(i)
i�1; 1; �

(i)
i+1; :::; �

(i)
n+1).

In this context, the standard GCET can be expressed as follows.

Proposition 1: Under A1, �(i)i < 1, for all i.

According to FO, however, Proposition 1 �is misunderstood by some peo-
ple as expressing the exploitation of commodities. ... Actually, this has
nothing to do with exploitation but is simply an alternative expression of
productiveness of an economy�(FO, 2009, p.7). This claim is arguably un-
warranted and even in contradiction with FO�s own framework.
First, the de�nition of the �exploitation�of a commodity in the GCET

is a natural generalisation of the standard de�nition of labour exploitation
proposed by Okishio (1963) and Morishima (1973) in Leontief economies.
Therefore, whenever the Okishio-Morishima approach is adopted, it is quite
natural to conclude that the possibility of producing a surplus is equivalent to
the exploitation of any commodity, including labour (and to the existence of
positive pro�ts). To be sure, the de�nition of the exploitation of a commodity
is �an alternative expression of productiveness of an economy,�but this is also
true for labour exploitation. In the context of standard linear economies, if
the Okishio-Morishima approach is adopted, the exploitation of a commodity
(including labour) is just a numerical representation of the possibility of
surplus production measured in the unit of this commodity.
Second, and perhaps more important for the analysis of FO (2009), the

relation between Proposition 1 and the exploitation of commodities can be
forcefully shown even within FO�s own framework. In order to support their
claim, FO (2009, p.7) refer to the argument developed by Fujimoto and Fu-
jita (2008), whose model they aim to generalise. However, given the symme-
try between labour and other goods which characterises FO�s approach, the
analysis developed in Fujimoto and Fujita (2008) can be naturally extended
to contradict FO�s claim. Thus, for any vector x 2 Rn+1, let x(i) 2 Rn

denote the vector obtained from x by removing the i-th entry. Fujimoto and
Fujita (2008, pp.535-6) prove the following Proposition.

Proposition 2: Assume A1 and a positive wage rate. In the exchange be-
tween one unit of labour and the workers�consumption basket, their labour
values are equal. Instead, the commodity i value of labour is greater than that
of the basket, provided ci > 0.
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The �rst part of the statement follows immediately from the de�nition
of labour values �(n+1), which implies �(n+1)n+1 = �

(n+1)
(n+1)c. The second part of

the statement follows because under A1, and assuming ci > 0, it must be
�
(i)
n+1 = �

(i)
[i](n+1)c > �

(i)
(n+1)c, where the equality follows by de�nition and the

strict inequality follows by Proposition 1.
According to Fujimoto and Fujita (2008, pp.535-6), Proposition 2 proves

that in the trade between labour and the wage bundle c, workers do not ac-
quire any �surplus�, whereas the combined commodity basket c or its owners
can obtain �surpluses�through exchanges with the workers.
To be sure, various doubts may be raised on the theoretical implications

of Proposition 2, and on the underlying notions of surplus and exploitation.
But even if all doubts on the theoretical foundations of the above analysis are
set aside and Proposition 2 is taken to represent a proof of the exploitation
of labour, then within FO�s own framework a revised GCET can be proved,
which forcefully shows the link between productivity, Proposition 1, and the
�exploitation�of every commodity, contrary to FO�s claim.
As a preliminary point, note that Ln+1 = 0 is a necessary condition for

(the �rst part of) Proposition 2 to hold. This is a natural assumption in
the standard framework, but not in FO (2009) where - consistently with the
emphasis on the symmetry between labour and other goods - the n + 1-th
column of A is interpreted as describing the (re)production process of labour
(see, e.g., the economy with skilled and unskilled labour above). Indeed,
in FO�s framework to assume Ln+1 = 0 is theoretically as legitimate as it
is to assume Aii = 0, for any i. Thus, let Ai denote the column of input
requirements in the production of good i.

Theorem (Revised GCET): Assume A1. For all i = 1; :::; n + 1, in the
exchange between one unit of good i and the basket of goods Ai necessary to
produce it, their commodity i values are equal whenever Aii = 0; whereas
for any j 6= i, the commodity j value of good i is greater than that of Ai,
provided j is contained in the basket, i.e. Aji > 0.

Proof. By equation (1), and given Aii = 0, it follows that �(i)i = �
(i)
[i]Ai =

�
(i)
(i)Ai(i) = �

(i)Ai. This proves the �rst part of the statement.
The second part of the Theorem can be proved noting that, by equation

(1), it follows that �(j)i = �
(j)
[j]Ai = �

(j)
[j](i)Ai(i) + �

(j)
i Aii. But then, under A1,

and assuming Aji > 0, it follows that �(j)i > �
(j)
(i)Ai(i) + �

(j)
i Aii.
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In other words, under A1, for any good i = 1; :::; n + 1, the combined
commodity basket Ai or its owners can obtain �surpluses�through exchanges
with the owners of i. Therefore, an interesting implication of the approach
proposed by FO is that a revised version of the GCET can be proved and
the relation between the productivity of the economy, Proposition 1, and
the exploitation of any commodity is forcefully con�rmed, contrary to FO�s
own claim. In the traditional Okishio-Morishima framework, there is no
analytical basis for distinguishing labour exploitation from the exploitation
of any other commodity. In FO�s approach, this distinction is even less
likely to be derived, given that �The essence of our method is the complete
symmetry in dealing with goods and labour�(FO, 2009, p.2).
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