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ob0o0ob0bo0o0obDob0oOn=1000000 50000000

000000000 nodes000000ODO0OO0ODOODOOODOODOOODOO
ocoooooooo

00000 MatlabecordDOODOOOODOOOOOOODDOO Compecon
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%%% %% % % %%

clear all;

xmin = -1; % The min of the range for approximation
xmax = 1; % The max of the range for approximation
n=10; % the number of nodes

fspace = fundefn(’cheb’ n,xmin,xmax); % from Compecon Toolbox
x=chebnodes(n); % standard chebychev nodes

xu = scaleup(x,xmin,xmax); %

fori=1m

y1(i) = runge_func(xu(i));

end

yl=yl’;

50000 Runge 0000 1900 0000000000000000000000O0O0O0
goooooooooooooooooo
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With@hebyshevNodes
T T

True

O 4: Chebyshev Nodes n=>50
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True

0 5: Chebyshev Nodes =10
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c=funfitxy(fspace,xu,yl); % from Compecon Toolbox
x=nodeunif(1001,-1,1); % from Compecon Toolbox
y=funeval(c, fspace, x); % from Compecon Toolbox
% Chebyshev at equal nodes

xen=nodeunif(n,-1,1); % equal nodes

fori=1:mn

yen(i) = runge_func(xen(i));

end

yen=yen’;

cl=funfitxy(fspace,xen,yen); % from Compecon Toolbox
x1=nodeunif(1001,-1,1); % from Compecon Toolbox
yenl=funeval(cl, fspace, x); % from Compecon Toolbox
% True: Without approximation

for i = 1:1001

y2(i) = runge_func(x(i));end
c=funfitxy(fspace,xu,yl); % from Compecon Toolbox
x=nodeunif(1001,-1,1); % from Compecon Toolbox
y=funeval(c, fspace, x); % from Compecon Toolbox
subplot(2,1,2)

plot(x,y2);

title("True’)

subplot(2,1,1)

plot(x,yenl);

title(’Chebysehv with equal nodes’)

% subplot(2,1,1)

% plot(x,y);

% title("With Chebyshev Nodes’)

000 RungeO OO OO0

%9%% % % % %% % % % % %%
function y=f(x)
y=1/(1+25 * (x"2));

end

3 Splined
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0000000000000 Cubic Splined Judd (1998) 00000000
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With@hebyshevNodes
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With@hebyshevNodes
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kiv1 = Aki — ¢ (2)

00000000000 Value Function 0O OO0 OO closed form O O
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_ 1 af a

000000000 0000000 Miranda and Fackler(2002) O O O
ComeEcon Toolbox 0O O 0OO0OO

In (Aaﬂ))) + Ink (3)

%
% Numerical Dynamic Programming by Chebyshev
%

% THE MODEL;

% max sum_{t=0}"{inf} beta "t * u(c-t)
% s.t. et + k{t+1} = f(k_t)

% k-0 given

%

% -log utility function, without leisure,

% -production function is Cobb-Douglas:
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% yt = AA * k_{t}"{alpha}

% AA is NOT productivity, which only adjusts a steady state value of
% capital equal to 1.

%

% v(k) = max{log(AA * k"alpha - kprime) + beta * v(kprime)}

%

% We need Compecon Toolbox by Miranda and Fackler (2002)

% Program based on Tomoaki Yamada (2002)

% Written by Naohito Abe 2006 Jan 3

clear all;

% format long;

% diary NDP1.out;

global AA alpha beta mink maxk

% set parameter values

%

alpha = 0.25; % production parameter

beta = 0.96; % subjective discount factor

AA = 1./(alpha*beta); % modify steady state capital = 1

mink = 0.03; % minimum value of the capital

maxk = 2.0; % maximum value of the capital

tol_golden = 10"-5; % tolerance of the error for the Golden Search

maxit = 300; % maximum # of iteration

TOLV cheb = 10."-4; % stopping criterion of value iteration (for Cheby-
shev)

TOLP_cheb = 10.7-7; % stopping criterion of policy iteration

diff = 100000; % initial difference

% TOLV = 10."-6 00O 350 0 O O iteration 00000

%% %% % %% % % % % % % % % % % % % % % % % INITIALIZATTION % %% % % % %% % % %% %% %% %% % % %

% v"0 Chebyshev 00O 00O

%

% Approximation grid X"O 00O

% Initial Guess, vHAT OO OO

% Stopping Criterion 0000000000000

% initial guess of coeflicients a0
% .
n = 50; % degree of approximation (by Chebyshev interpolation)

m = 50; % the number of evaluation points. Note that m >= n.
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% generate evaluation points, which is a column vector of capital grid.
evalpt = chebnodes(m); % generate m Chebyshev nodes defined in [-1,1].
kap_cheb = scaleup(evalpt,mink,maxk); % linear transformation of inter-
val from [-1,1] to [mink,maxk]
VO = zeros(m,1); % initial guess of value function.
fspace_cheb = fundefn(’cheb’,n,mink,maxk);
a0 = funfitxy(fspace_cheb kap_cheb,V0);% initial Chebyshev polynomial
for the value function
% %% % %% % % % % % %% % %% %% %0 %0 % % %0 % % %0 % % %0 %0 % % %0 %6 %o 0 %6 o 0 %0 %o %o %0 %o % 6 %6 Y 6 %0 % % %0 % %
% %
% CHEBYSHEV POLYNOMIAL INTERPOLATION %
% %
% %% % %% % % % % % %0 % % %% %% %0 %0 % % %0 % % %0 % %o %0 %0 %o %o %0 %6 %o 6 %6 o %0 %0 %o %o %0 %o %o %6 %6 Y %0 %0 % % %0 % %
% Preparation for iteration (Chebyshev)
%
a_cheb = a0;
Vold_cheb = V0; %10000*ones(m,1); % initial V_old
Vdyn_cheb(:,1) = Vold_cheb; % V O dynamics 00 0000 (algorithm
0oooo)
it_cheb = 1;
diff_cheb = diff;
Pold_cheb = zeros(m,1);

converge_cheb = 0;

% Main Loop (Chebyshev Approximation)
%
tic

while it_cheb <= maxit & diff_cheb > TOLV _cheb;

V_cheb = ones(m,1);

POL_cheb = ones(m,1);

optset('golden’,’tol’,;tol_golden); % O O golden O tolerance O O O
% Maximization Step (STEP 1):

% -

for i = 1:length(kap_cheb);

cap = kap_cheb(i); % current(i-th iteration) grid

cap_ini = kap_cheb(i); % initial guess for quasi-newton
% subroutines for maximization

%
% <golden section search>

% 000000 grid00000 Bellman’'seqOOOOOOOO
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[POL_cheb(i),V _cheb(i)] = golden(’Bellman_chebl’ mink,maxk,cap,a_cheb);
% GOLDEN SEARCH

% 0000 iteration 00 O O log(k"alpha - kprime) 000000000
godod

%0OOoooUooDooooooooooooooom

end

%

% Fitting Step (STEP 2):

%

anew_cheb = funfitxy(fspace_cheb,kap_cheb,V _cheb);

diff_cheb = max(abs(Vold_cheb - V_cheb)); % VO O O

Vdyn_cheb(:,it_cheb+1) = V_cheb;

Pdyn_cheb(:,it_cheb) = POL_cheb; % 00000000000

DIF _cheb(it_cheb) = diff cheb; % 0000000000

ACHEV(:,it_cheb) = anew_cheb; % 00 a0 0000000

Vold_cheb = V _cheb;

a_cheb = anew_cheb; % update coefficients a.

it_cheb = it_cheb + 1;

% 00000 Policy Function 0 O O Case:

if max(abs(POL_cheb - Pold_cheb)) < TOLP _cheb;

converge_cheb = 1;

break;

end

Pold_cheb = POL_cheb;

end

Time_cheb = toc;

% If policy function has been converged, calculate the value function
%
if converge_cheb == 1;

for i = 1:length(kap_cheb);

V_cheb = Bellman_chebl(POL_cheb,kap_cheb,a_cheb);

end

end

% Calculate the true and approximated policy function

% policy function approximated by Chebyshev polynomial

%
Cons_cheb = AA * kap_cheb . alpha - POL_cheb;
% Calculate exact policy function at Chebyshev node
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%
exact_cheb = (1-beta*alpha) * AA * kap_cheb. alpha; % true policy fcn

%% % % %% % % % % % %0 % % %% % %0 %0 % % %0 % % %6 % % %0 %0 % %o %o % %o %6 % %o Y0 %0 %o %o %0 % %o %6 % % %0 %0 Yo % %0 % %
% %

% ACCURACY CHECK %

% %

%% % % %% % % % % % %% % %% % %0 %0 % % %0 % % %6 % % %0 %0 % %0 %o % % %6 % %o Y0 %0 %o %o %0 % %o %6 % Y% %0 %0 %o % %0 % %
% Step 1:

% value function 00000000000

%
iterat_cheb = [1:it_cheb-1];

% 00 Oiteration 0 000 diff 00 O O plot.

%% %% % %% %% % % %0 % %6 % %0 % %0 % % %0 % %0 % %0 % %0 % %0 % %0 %0 %0 % % %o % %0 % %0 % %0 % %0 % %0 % % % % %0 % %0 %
% %

% RESULTS %

% %

%% %% % %% %% % % %0 % %0 % %0 % %0 % % %0 % %0 % %0 % %0 % %0 % %0 %0 %0 %6 % %o % %0 % %0 % %6 % %0 % %0 % %0 % % %0 % %0 %
% Display the results

%

disp(’Numerical Dynamic Programming’);

disp(”);

dispC’PARAMETER VALUES');

disp(”);

disp(’ alpha beta ’);

disp([ alpha beta ]);

disp(");
(7
(
(
(
(
(
(

disp(’ mink maxk ’);

disp([ mink maxXk]);

disp(’ tol_golden TOLV _cheb diff_cheb’);
disp([ tol-golden TOLV _cheb diff_cheb]);
disp(’ Calculation Time ’);

disp(’ Chebyshev ’);

disp([ Time_cheb ]);

disp(”);

% Figure (CHEBYSHEV INTERPOLATION)

% Plot Value Function approximated by Chebyshev Polynomial

%
subplot(2,2,1)
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plot(kap_cheb,V_cheb,’b’);

titleCVALUE FUNCTION BY CHEBYSHEV’);

xlabel("Capital’); ylabel("Value’);

% Plot Consumption Function approximated by Chebyshev Polynomial
%
subplot(2,2,2)

plot(kap_cheb,exact_cheb,’:” kap_cheb,Cons_cheb,’b’)
titleCCONSUMPTION FUNCTION BY CHEBYSHEV’)
xlabel(’Current Capital’); ylabel(’Consumption’);

legend (*True Function’’Approximate ’)

% Plot Policy Function approximated by Chebyshev Polynomial
%
subplot(2,2,3)
plot(kap_cheb,POL_cheb, b’ kap_cheb,kap_cheb,’k’)
title’SAVING FUNCTION BY CHEBYSHEV’)
xlabel(’Current Capital’); ylabel("Next Capital’);
legend (’Saving’,’degree of 457)

% Figure (Convergence of Value Function)

subplot(2,2,4)
plot(iterat_cheb,DIF _cheb);
title(’Convergence Test (Chebyshev)’);

xlabel(’iteration’); ylabel(’error’);

o000 O main0O00OOQ0OOoOoOOd

%% %% %% % % % %0 %% % % % % %0 %0 % % % Yo %o %o %0 %0 % % % % % %0 %0 % % % Yo
function [value,fjac] = Bellman_chebl(kprime kap,a);

% [value fjac] = Bellman_chebl(kprime,kap,a)

% Purpose(OUTPUT):

% Calculate the value function and Jacobian of value.

% V_j = {log(AA*k."alpha - kprime) + beta * v(krpme)}
%

% INPUT: kprime is choice variables(column vector).

% kap is current state variable(column vector).

% a is coefficients of Chebyshev polynomial, which

% approximate next period’s value function.

%

% When output is only one, this function returns value,

% not return Jacobian of value function.

%
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% November 25, 2002

%

% Written by T.Y.

global AA alpha beta mink maxk

% evaluate the value function at current state capital.
value = valuefcn_chebl (kprime kap,a);

% calculate Jacobian of the value fen (from CompEcon)

fjac = fdjac(’valuefcn_chebl’ kprime kap,a);
% %% % %% % % %% % %% % %% % % % % % %% %

function value = valuefcn_chebl(kprime, kap,a);

% value = valuefcn_chebl (kprime kap,a)

% Purpose:

% Calculate the value function, when current capital level
% is kap, next capital stock will be kprime, and

% value fen is approximated by a (Chebyshev coefficients).
%

% kprime, kap and a must be column vector.

%

% V_j = {log(AA*k."alpha - kprime) + beta * v(kprime)}
%

% November 25, 2002

%

% Written by T.Y.

global AA alpha beta mink maxk

numa = length(a);

numal = numa - 1;

cons = AA * kap . alpha - kprime;

for i = L:length(kprime);

if cons(i) <= mink;

cons(i) = mink;

end

end

utility = log(cons);

% utility = log(AA * kap ."alpha - kprime);

kprimell= scaledown(kprime,mink,maxk);

vprime = chebpoly(numal kprimell) * a;

value = utility + beta .* vprime;

90%% % %0 % %% %0 %0 70 %0 %0%0 %o Yo o 70 %0 %0 %o Yo o 0 %0 %0 Yo Yo 7o 0 %0 %o Yo o o %0 %0 Yo Yo Yo 7o %0 %0 Vo Yo o o %0 %6 Vo Yo o Yo 0
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>> Numerical Dynamic Programming
PARAMETER VALUES

alpha beta

0.2500 0.9600

mink maxk

0.0300 2.0000

tol_golden TOLV _cheb diff_cheb
0.0000 0.0001 0.6992
Calculation Time

chebyshev

10.7660

Chebyshev OO0 spline0 000000000000 O0O0O0O0O
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5 Cubic SplineJ 00 00O0O0OOOOOODOO

00000000000 ChebyshevO0OOOOspline0 000000 OODO
O00050nodes 00000 10nodes D 00O OO OO 50nodes O spline 0 O
O00000000ooooooDooooooooOo 20000000

%
% Numerical Dynamic Programming by Cubic Spline Interpolation

%

% THE MODEL;

% max sum_{t=0}"{inf} beta"t * u(c_t)

% s.t. ct + k{t+1} = f(k_t)

% k_0 given

%

% -log utility function, without leisure,

% -production function is Cobb-Douglas:

%yt = A * k{t}" {alpha}

% AA is NOT productivity, which only adjusts a steady state value of
% capital equal to 1.

%

%

% v(k) = max{log(AA * kalpha - kprime) + beta * v(kprime)}
%

%

% Program based on Tomoaki Yamada (2002)

% Written by Naohito Abe 2006 Feb 14

clear all;

global AA alpha beta mink maxk

% set parameter values

%

alpha = 0.25; % production parameter

beta = 0.96; % subjective discount factor

AA = 1./(alpha*beta); % modify steady state capital = 1

mink = 0.03; % minimum value of the capital

maxk = 2.0; % maximum value of the capital

tol_golden = 10°-5; % tolerance of the error for the Golden Search

maxit = 350; % maximum # of iteration
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TOLV spli = 10."-4; % stopping criterion of value iteration (for Cheby-
shev)

TOLP_spli = 10.”-7; % stopping criterion of policy iteration.

diff = 100000; % initial difference

% v 0000000 -> 2) Cubic Spline Interpolation

% Approximation grid kap_cheb 0 O O [

% Initial Guess, vVHAT=0(value function iteration O O OK!)

% stopping criterion VOLV_cheb 0 00O

% initial guess of coefficients a0
% -

m = 10; % the number of evaluation points.

V0 = zeros(m,1); % initial guess of value function.

% Preparation for iteration (cubic spline)

%

kap_spli = linspace(maxk,mink,m)’; % capital grid in [mink,maxk] (O
0o)

Vold_spli = V0; % initial old value function

Vdyn_spli(:,1) = Voldspli; % VspliDO OO OOOO

a_spli = spline(kap_spli,Vold_spli); % initial spline by Matlab function

it_spli = 1;

diff_spli = diff;

Pold_spli = zeros(m,1);

converge_spli = 0;

% Main Loop (Cubic Spline Interpolation)
%
tic

while it_spli <= maxit & diff_spli > TOLV _spli;
V_spli = ones(m,1);

POL_spli = ones(m,1);

for i = l:length(kap_spli);

cap = kap_spli(i); % current grid

[POL_spli(i),V_spli(i)] = golden(’Bellman_splil’;mink,maxk,cap,a_spli); %
GOLDEN SEARCH

%

end

diff spli = max(abs(Vold_spli - V_spli));

a_spli = spline(kap_spli,V_spli); % update the coefficients of spline

Vdyn_spli(:,it_spli+1) = V_spli;

33



Pdyn_spli(:,it_spli) = POL_spli; % 00000000000
DIF _spli(it_spli) = diff_spli;

Vold_spli = V_spli;

% 00000 Policy Function 0 0O O Case:

if max(abs(POL_spli - Pold_spli)) < TOLP_spli;
converge_spli = 1;

break;

end

Pold_spli = POL_spli;

it_spli = it_spli + 1;

end

Time_spli = toc;

% If value function has been converged, calculate the value function
% -

if converge_spli == 1;

for i = l:length(kap_spli);

V_spli = Bellman _splil(POL_spli,kap_spli,a_spli);
end

end

% Calculate the true and approximated policy function

% Calculate approximated policy function
%
Cons_spli = AA * kap_spli ."alpha - POL_spli;

% Calculate exact policy function for comparison

%
exact_spli = (1-beta*alpha) * AA * kap_spli . alpha; % true policy func-

tion
% Display the results
9%
disp(’Numerical Dynamic Programming’);
disp(”);
disp(PARAMETER VALUES);

(
(
(
disp(");
disp(’ alpha beta ’);
disp([ alpha beta ]);
disp(”);
(7
(

disp(’ mink maxk ’);

disp([ mink maxXk]);
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disp(’ tol_golden TOLV _spli diff spli’);
disp(] tol_golden TOLV _spli diff_spli]);
% Figure (CUBIC SPLINE INTERPOLATION)

% Plot value function approximated by cubic spline
%
subplot(2,2,1)

plot(kap_spli,V_spli,’b’);

titleCVALUE FUNCTION BY CUBIC SPLINE’);
xlabel(’Capital’); ylabel("Value’);

% Plot consumption function approximated by cubic spline
% _

subplot(2,2,2);

plot(kap_spli,exact_spli,’:’” kap_spli,Cons_spli,’b’)
titleCCONSUMPTION FUNCTION BY SPLINE’)
xlabel("Current Capital’); ylabel(’Consumption’);

% Plot policy function approximated by cubic spline
%
subplot(2,2,3);

plot(kap_spli,POL_spli,’b’ kap_spli,kap_spli,’k’)
title"'SAVING FUNCTION BY SPLINE’)
xlabel(’Current Capital’); ylabel("Next Capital’);

good

>> Numerical Dynamic Programming
PARAMETER VALUES

alpha beta

0.2500 0.9600

mink maxk

0.0300 2.0000

tol_golden TOLV _spli diff_spli

0.0000 0.0001 0.6185

goos2n

gboooooboooooboboooobooboooooao
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chebnodes.m

%% % %% %%

function x=chebnodes(n);

% x=chebnodes(n);

% Purpose

% Create n Chebyshev nodes

%

% Chebyshev Minimax Property:

% which are the interpolation nodes

% that minimize the error bound of chebyshev interpolation.
% See Judd(1998) equation (6.7.4) p.222

%

% November 9 1998

%

% Written by den haan

% ,
%eglobal O nOOOOOCUOOOOoOoooOmM
r = max(1,n);

n = (1:n)’;

X = cos( (pi*(n-0.5))/r );

90%% % %0 % %076 %0 %0 70 7 %0 %0 %0 Yo o 70 %0 %0 %o Yo 0 0 %00 Yo Yo o %0760 Yo o o %0 %0 Yo Yo o o %0 %0 Yo Yo o 70 %0 Vo Yo Yo

chebpoly.m

% %% % %% % % % % % %% %% %0 %0 %% % %0 % % %0 % % %0 %0 % %0 %0 % % %0 % % %0 %0 % %0 %0 % %o %0 %0 % %0 %0 % % %0 % Yo
function fi=chebpoly(ord,x);

% fi=chebpoly(ord,x,a,b);

% Purpose

% Create an <ord+1>-th order Chebyshev Polynomial

% x must be a column vector, for example, chebyshev node

% or quadrature node, which must be adjusted in [-1.1].

% create (length(x) * ord+1) chebyshev polynomial matrix

%

% October 18, 2002

%

% Written by T.Y.

%
fi = cos([0:ord]’ * acos(x’)); % chebyshev polynomial evaluated at x’

i=f%m*node 000000 (000000O00OOOY)

%% % %% %% % % %0 %% % % % % %0 %0 % % % %% % %0 %0 %6 %0 % %% Y% % Y0 %6 % %0 %o Yo %o Y0 %0 %0 %0 %6 %o Y% % Y0 %0 %0 % % Y % o
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scaledown.m

%% %% %% % % % %0 %% % % % % % % % % % % % %

function xd = scaledown(x,xmin,xmax);

%function xd = scaledown(x,xmin,xmax);

% Linearly scale a variable from [min,xmax] to [-1,1],

% where x,xmin,xmax can be vectors as long as they are all of the same
% dimension%

% October 18, 2002

%

[r ¢] = size(x);

a = 2*ones(r,c) ./ ( xmax - xmin );

b = ones(r,¢) - 2 * xmax ./ ( xmax - xmin );

xd=b + a .*x;
07 skttt ek sttt R Sttt S s R R R

96**********************************************************************

scaleup.m

%% % %% %% % % %0 % % % % % % %0 %0 % % % % % % Y0 %6 %0 % % %o % %0 %0 % % % % Y% % % %0 % % % %
function xu = scaleup(x,xmin,xmax);

% function y = scaleup(x,xmin,xmax);

% Linearly rescales every element of the vector x

% from [-1,1] to [xmin,xmax]

% where x,xmin,xmax can be vectors as long as they are all of the same

% dimension

%

% October 18, 2002

[r c] = size(x);

a = (xmin+xmax)’/2;

b = (xmax-xmin)’/2;

xu = a*ones(1,r) + ( b*ones(1,r) ).*x’;

xu = xu’;

07, HrRRR R R R R R R R R ROk

96**********************************************************************
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