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3 Production Function

Yy = F (K, ArLy)
oooooooOo: 0000

Ve > 0,F (cK,cAL) = cF (K, AL)

000AQ0OO0OO0DOOOOOO0OOOOOO0OOOODOOOOOOODOOO
OO0 (oooooo)o
Intensive Form:divide by AL,

Y’ZI’ZF(K’Q

AL AL AL’

Define
YK
YT AT A

goooooobooooooooooooboo

2R.M.Solow (1970), Growth Theory, Oxford University Press. 0000 00000000
gooo0o0o0 1971000 Solow DO OOOOOOODOOOODOOOOOOOOOOOODOOOO
gooooOoOO0O0oO0O0O0boOooO0O00000000 vintageOOOOOOOOOOOOOOOOOO
go0oooOooooooooooooOobooboo



Then
y=f(k)
Assumption:
OF 0*F .
K >0, b <0,F(0,AL) =0 for all finite AL.
Then

F(K,AL) = ALf (K)

AL
oF
8—K_f(k)>0
82F7f77(k)
ox? ~ Ar

F(0,AL) = f(0) =0

OF ALK ,, K ., o
ap = Al = S I' = Af - A I = A(F - k)

3.1 Cobb-Douglas Case

F=K"(AL)'™®
Therefore
y=f(k)=k"
Aslongas0<a <1

f'>0,f"<0,f(0)=0

lim f/ (k) = oo, kli)rr;o f(k)y=0

k—0



4 Growth

Assume Constant Growth Rates for both L and A,

Lt:TLLt

Ay = gA;
oo (1)

dlnzx B 1

de =z

Log Differentiation

dlnx; _ i%

dt oz dt
0o (2)

d (2 1d 1d
(Zw):<ﬂ) lde  1dy
dt Zw rdt ydt

oo (3)

dt x dt

M = (2%y") (adx

5 Economy

One-sector growth model
00ooO0oooo(@oo=000).

Y=C+1
Constant Rate of Depreciation
Kt - It - 5Kt

Therefore '
Y =Ci + Ky + 0K,

Assume Constant Average Saving Rate, s, i.e. (Notice that we do not assume
any particular form or utility or social welfare function ! The constant saving
function can be the solution of the maximization behavior under very strong
assumption. But let’s forget about the maximization for a while.

discuss the optimal level of saving later.)

1dz

z dt

bdy
y dt

S =3sY =sF (Kt7AtLt)

: Growth Rate

)

)



Therefore
(00=00+00)
Y, =Ci + S; = Cy + sY;

Vi —Cy =5, =sY;

Combining them

Kt = sk (Kt,AtLt) — (SKt

Recall
K

T AL

Ky

Taking time derivatives

p K A L
AL\ K, A I
hoo K (K
YT AL\ K,

, K,
kt AtLt —kt (g+n)
: F(K;, ALy) — 6K
kt:S ( ty 41t t) t—kt(g+n)

At Lt

ke = sf (ki) — ke (9 + 1+ 0)

6 Growth Rate

Y} 1 Kt Lt At
o | REE  RAL | St
Y, F(K, ALy N E, T T T

Yi 1 Kt

— = | /K, — + F5A, L

Y, F (K, A L) 1 th—F 2 ALy (g +n)

Due to the linear homogeneity (Euler’s Law)

F (K, AlLy) = FAK + FR AL,

Therefore



Y, K
?Z zatﬁ#—(l—at)(g#—n)
where

K,
F (K¢, A¢Ly)

:Olt

7 Steady State

k*k/’t:Sf<k’t)—k/’t(g+’l’L+5):0

Therefore

sf(E*)=k"(g+n+9)

Steady State exists:
Define
h(k)=sf(k)—k(g+n+9)

W =sf—(g+n+9)
Under Inada Condition,
1~ ! _ 1- !/ —
klngof 0, kli%f >
Therefore
limh' (k) = oo > 0, klim h'(k)=—(g+n+d) <0

k—0

Also
h' < 0,Vk >0

h(0) =0

Therefore, there exist two steady states, trivial one and non-trivial one.

8 Balanced Growth Path

At the non-trivial stead state,

K, d(ALk) 1
K, dt ALk

g+n

c=a(g+tn)+(1—a)(g+n)=g+n



Cy
a =g+n

Therefore, the growth rates of Capital, Output, and Consumption are the
same at the steady state. We call this path as a balanced growth path.

We can observe several things. First, the balanced growth rate is just the
sum of g and n that are independent from the saving rate or many other things.
An increase in saving rate or technological level etc., do not affect the balanced
growth rate. Second, the balanced growth rate depends only on the exogenous
variables, g and n. This implies inability of the Solow’s growth model to account
for variations of the growth rates among countries in the long-run. The theory
can only say that two countries have different long-term growth paths just be-
cause they have different technological and population growth. There have been
many attempts to extend Solow’s model to ”endogenize” the balanced growth
rate.

9 Convergence

The steady state level is determined by

sf (k") =k (g+n+0)
Therefore, if two countries have the same technology, regardless of the initial

development level, the two countries will reach the same steady state and the
same growth rate. Moreover, since the growth rate is

kt _ sf (k)
Wk —(g+n+9),
and o
a7 s, f (k)
sk k{f(k) k}<0’

and f is a concave function, the growth rate is a decreasing function of k. This
implies that the poorer the country is, the faster it grows. This phenomena is
called as the absolute convergence.

The assumption behind the above condition is very strong since we have to
assume that the two countries have the same technology. Remember that the
balanced growth rate does not depend on the functional forms of production
function. The only assumption is that the production function is neoclassical.
The smaller the economy relative to its own steady state, the faster it grows.
This is called as conditional convergence.

10 Comparative Statics

On the balanced growth path, the output level is
y =)



If the saving rate, s, increases, on the new balanced growth path

dy*_/ *E
ds _f(k)ds

k* is determined by
sf(k") =k (g+n+6) =0
By implicit function theorem, we can get

dk* f (&)

ds ~ (g+n+0)—sf ()

Therefore,

R

ds ~ (g+n+0)—sf (k)

By some calculations,

s dy* (f(s ))( [ (k) f (K*)

y* ds k> g+n+96)—sf (k)
_( s ) fT (k)
F k%)) 2D g pr (k)
k* (k™)
()
k(R
1= 555
Define
B ()
ay (k%) = ——=
=T
Then,

sdyt  ag (k)
y* ds 1 —ay (k*)

oy (k*) is the capital share of the economy, usually around 1/3. In this case

sdyt 13 1

y* ds  2/3 2

This implies 10% increase in saving rate increases the steady state level of
the output by 5%. Very Modest in the long run.



11 The Speed of Convergence

The dynamic equation

ke = sf (k) — ke (g +n+0)

is non-linear. But if f(k;) is differentiable, we can approximate the above
equation by a linear equation. Taking the linear approximation at the steady

state, we can get

ke = (sf' (k) = (9 +n +6)) (ke — k*)

sflf(k*)—(g+n+d)=(g+n+9) (?—1)
Therefore .
ke =—(1—ak)(g+n+6)(k — k")
ke=k"4+exp[—(1—ar)(g+n+96)t] (ko — k")

The speed of convergence is — (1 —ay) (g +n+9). if g+ n+ 6 is 0.06 and
the capital share is 1/3, the speed becomes 0.04. This speed, 4% per year, is
very slow. Suppose the economy is at the half of its steady state level, i.e.,

k*
I{/’Q = 7

Then, how long does it take to reach 3/4 of the steady state level? Find ¢
such that

k* 3k*
ki =k"+exp[—(1—ax) (g+n+0)t] (Q—k*> =

Eliminating k* and rearranging the equation a bit gives us

3 1
P 1 _ = —0.04¢t
1 2¢ :
L1 oou
1 32° :
2 — 670.0415
log (2) = —0.04¢
y log (2)
T 0.04

Since log(2) is about 0.69315,

t =25 x 0.69315
= 17.329 (1)



Therefore, approximately, it takes 17-18 years to reach the halfway to their
balanced growth path!!! So, you should remember that the transition process
in the Solow Growth Model is quite slow considering how fast Japanese econ-
omy recovered from the catastrophic destruction in the WWIL. If you are not
convinced with the result, the model should be modified.

12 Growth Accounting

The output level is
Yy = F (Ky, Ly, A)

Taking the time derivative,

: oOF - OF - oF
Vi=gpletoplet o4
Divide by Y,

Y, K,0F K, L,0FL, A,dF A,

Y, FOKK, FOLL, F 0AA

Assume that the technology is linear homogenous in terms of K and L, and
define

po_ AOF A
YTF 0A A
Then,
v, K L
?t—ak?tﬁ’(l*ak)LftﬁLRt

Remember that the above equation depends only on the linear homogeneity
of the technology (and differentiability) in derivations. The growth rate of
output is decomposed into (1) contribution by capital, (2) contribution by labor,
and (3) else. The term R; is called “Solow Residual”, this implies the factor
that cannot be explained by the Solow’s Growth model.
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