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ABSTRACT

This paper is a consideration of strategic aspects of national saving
policies in a game theory setting. In pure exchange economy involving two
countries, each government chooses a future time path of the national
consumption-wealth ratio in order to maximize its citizens’ utility. When
private time preference rates of two countries are different, the government
of the country with the lower time preference rate has an incentive to slow
down the national asset accumulation. The government of the higher time
preference rate country has an incentive to slow down the national asset
reduction. In Cournot-Nash equilibria of this dynamic game, international
capital flows are depressed as compared with competitive equilibria, which
are Pareto-optimal. It is shown that the governments achieve the Cournot-
Nash equilibrium path of consumption-wealth ratio using a set of taxes and
subsidies. A large country intervenes into the market more than a small
one. In this sense, a large country exploits a small one. Dynamics of world
interest rates are also analyzed.
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1. Introduction

As global integration of national financial markets advances, international
aspects of saving and investment policies become more important. To solve the
current account deficit problem, the United States is advised to reform its
savings restraining tax system. The new Japanese consumption tax is sometimes
criticized for its encouraging effect on savings and current accounts. In
integrated and interdependent financial markets, there is no assurance that each
country's self-seeking savings policies attain giobally Pareto-optimal allocation.

International aspects of saving and investment policies, despite their
importance, have not been analyzed within a convincing theoretical framework !
As the above two examples show, the ordinary arguments seems to be based
partly on the dubious presumption that current account imbalances are
undesirable and all countries had better coordinate their policies to reduce
current account imbalances. This presumption seems to contradict the common
sense of microeconomics and policy game theory. In the international trade
theory, it is well-known that each country's self-seeking trade policies result in
shrinking internationai trade. Because international capital flows are exchanges
of present goods for future goods, it seems that capital flows are undesirably

reduced in non-cooperative equilibria. If the world economy tends to fall into

'Hamada (1965) studies this problem within a framework of a two country growth model
with perfect capital mobility. Only a steady state is analyzed. He shows that the Cournot-
Nash equilibrium of the savings policy game in a steady state is Pareto-optimal. A similar
model is studied by Ohyama (1989). As in Hamada (1965), only a steady state is analyzed. In
spite of several microeconomic refinements, Ohyama (1989) gets fundamentatly the same
results as Hamada (1965). It is nevertheless premature to conclude that there is no need for
internatjonal policy coordination of national savings policies. We do not know about
process.of transition to the steady state. In the transition process, national governments

_ may have an inceative to exploit their oligopolistic power on world interest rates. The
present paper focuses on this problem.




such non-cooperative equilibria, then the cooperative equilibrium will be
achieved by amplifying current account imbalances.

In this paper this point is iflustrated within the framework of a two-
country dynamic game model with infinite time horizon consumers. Each
government decides on a time path of a national consumption-wealth ratio as a
strategic variable in order to maximize its citizens welfare. The present study is
an application of strategic analysis of international interdependence.2 In
contrast to usual studies of policy games on current account balances,3 this
model has a microeconomic foundation of the policy target.

It wili be shown that uncoordinated actions by national governments are
most [ikely'to result in shrinking international capital flows. Countries with low
savings and current account deficits have an incentive to tax private
consumption or to subsidize private saving in order to restrain international
borrowing. By restraining borrowing, they can bring down world interest rates
and improve their intertemporal terms of trade. Countries with high savings
and current account surpluses have an incentive to introduce capital income tax
or io subsidize private consumption in order to restrain saving and consequently
cut capital outflows and bring up world interest rates.

Because our main concern is with the transition process of international
capital flows, the dynamics of the model are analyzed not by taking a linear
approximation around the steady state but by solving nonlinear dynamic
equations giobally. For this purpose, a drastically simple model is used. First
production is entirely exogenous; the output of consumption goods is constant.

Tpere is one consu mptic_m good and one production factor. Although the

28ee Cooper (1985), Hamada (1986), Buiter and Marston (1986), and Turnovsky et al. (1988).

3For example, in Oudiz and Sachs (1984) the current account goal for the United States is
taken to be zero and for Germany and Japan to be 2 percent of GNP. They do not present any
basis for this assumption.




production factor is immovable, the consumption goods and ownership claim to
the production factor is traded internationally. Second, international capital
flows take place because of the difference between two countries’ time
preference rates, each of which is assumed to be constant. In this case, the
country with the higher time preference rate uses up assets while the country
with the lower rate accumulates assets continuousty in competitive equilibria.4
Thanks to these simplifications, the dynamic system is solved globally and
explicit time paths for each countries’ savings, world interest rates, and other
variables are derived. Such paths in Cournot-Nash equilibria will be compared
with those in cooperative equilibria.

The remaining sections of the paper are organized as follows. The next
section presents the model and studies dynamics of competitive equilibria with
no government intervention. In section three, the dynamic game between two
countries is studied with the assumption that each government decides on a time
path of a nationai consumption-wealth ratio as a strategic variable in order to
maximize its citizens' weifare. It will be shown that competitive equilibria are
Pareto-optimal and that Cournot-Nash equilibria are suboptimal. In Cournot-
Nash equilibria, the amount of international lending is smaller than the socially
optimal ievel.

In market economies, governments can not directly control the national
consumption-wealth ratio. [n section four, it is shown that each government can

accomplish the Cournot-Nash equilibrium time path of consumption-wealth ratio

4This phenomenon has usually been analyzed in a context of a closed economy with
heterogeneous consumers. The divergence was originally pointed out by Ramsey (1928)
and rigorously analyzed by Becker (1980). Becker (1980) did not explicitly solve the
dynamics of asset holding and interest rates.

If time preference rates depend on the instantaneous utility level (see Koopmansetal.,
1965, and Uzawa, 1968), thea heterogeneous consumers coexist in the long-run. For details,
see Fukao and Hamada (1989). Constant time preference rates are assumed here because of
the difficulty of analyzing dynamic games with variable time preference rates,
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by using a natural set of taxes and subsidies. In the {inal section, the

implications of this analysis and possible extensions of it are summarized.
2. The Model

Though the main concern of this paper is with dynamic games of national
savings policies, it is convenient to begin with an analysis of competitive
equilibria with no government intervention.

Consider a world with two countries, one consumption good, and one
production factor. We assume that production is entirely “exogenous”; there is
no possibility of affecting the output of consumption goods and the existing
amount of the production factor. One unit of consumption goods is produced
from one unit of the production factor each period. There is one unit of the
production factor in the world. K unit is located in the home country. 1-K is
located in the foreign country. The production factor is immovable between the
countries.

Ownership of this production factor is determined in a competitive stock
market. One equity share corresponds to one unit of the production factor and
each period earns one unit of consumption goods as a dividend. The equity
shares and the consumption goods are traded internationally without cost. Let
q¢ denote the price of the equity shares measured by the consumption goods at
time t. We assume that consumers anticipate the future path of q¢ exactly.

Let ry denote the real rate of return of the equity shares measured by the
consumption goods. The rate of return consists of dividends and capital gains:

S I

¢y 4q;




If there is 2 loan market, arbitrage will equalize the instantaneous real interest
rate with ry, Therefore we regard ry as the instantaneous interest rate.

The population of each country stays constant. Let Ay denote the n'umber of
equity shares owned by citizens in the home country at time t. Ag also denotes
the income of the home country, because one equity share earas one unit of
consumption goods as a dividend. The citizens in the home country are endowed
with Ag shares of the equity at time 0.

The representative individual in the home country has an infinite time

horizon and solves an optimization problem:

Ha

mar | e P'InC,dt,
{C} 0

subject to :
 L=i§L;dﬂf'f_'   .”'  S
Ag=4,, (2)
Ci20,
and
A20,

where B denotes the time preference rate of the representative individual in the

home country. We assume that p is positive. C; denotes the home country's real




consumption. A; denotes both the home country’'s wealth and the dividend
income.

Because our main concern is in the transition process, the dynamics of the
model are analyzed not by taking a linear approximation around the steady state
but by solving nonlinear dynamic equations globally. To get a manageable
dynamics, we need to assume a log linear instantaneous utility function.>

The necessary and sufficient conditions® for the optimal behavior are (1),

(2), non-negativity conditions of C¢ , A¢,

c,={i+&-p]ct. (3)
U FE )
lim Ste-Bt,g, (4)
l—iuc'_
and
A
fim 112t -8t (5)
t-—-)n C[

where (4) and (5) are transversality conditions. The Euler equation (3) implies

that optimal consumption fluctuates according to the difference between the real

S5For example, if we assume a Paretian instantaneous utility function:

cY
U,=— for 0<y<l,
Y

then, we get the following Euler equation instead of equation (3).

In this case, Cy depends not only on Ay but also on the whole future time path of the interest
rate. And we do not obtain a simple relationship between wealth and consumption like
equation (6).

6See Arrow and Kurz (1970), p. 49.




interest rate and the time preference rate. To understand the equation (3)

intuitively, we transform it into

Co+B=ry. (3")
where the circumflex accent denotes the growth rate of the variable.
Differentiating instantaneous utility regarding time, we can asceriain that the
left-hand side of the above equation denotes the marginal rate of substitution
between the consumption at {ime t and the consumption at time t+dt. On the
right-hand side, ry denotes the relative price of consumption goods at time t and
at time t+dt. For competitive individuals, the optimal behavior is to equalize
their marginal rate of substitution with the market price ry. As we shall see
later, for national governments the optimal condition is 'different from (3')
because of their oligopolistic power.

From the budget constraint (1'), the Euler Equation (3), and the
transversality condition (5), we obtain a consumption function, which relates

domestic oonsilmption and wealth:
Ci=Ba,A,. (6)

This consumption function also satisfies the other conditions of optimality.
Individuals keep their consumption-wealth ratio equal to their time preference
rate. Substituting the optimal consumption (6} into the budget constraint (1)
yields a dynamic equation of the number of equity shares that are owned by the

home country:
2 1
Ay=—-8. ()
t a4, :

Foreign households solve a similar problem:




max [ e Ptincr dt,
{C}Jo

subject to

A*t=-c:—(A‘,—C‘t), (1*)
{

Ag=1-Ro. (2%)
C‘tZO,

and

A*tZO,

where C*; denotes real consumption of the foreign country. A*; denotes both the
foreign couniry's wealth and the dividend income. B* is the time preference rate
of the foreign representative citizen. p* can be different from §.

In the same way as the home country case, a fundamental relationship

between foreign consumption and wealth can be written as

C=Pp*q. A% (6%)
The dynamic equation of the foreign country’s equity shares is derived from (1*)
and (6*):

n 1

A*y=— - p*. (7%)
q.




We consider here competitive equilibria of our model. There are two
markets, a consumption goods market and a stock market. The equilibrium

condition of the consumption goods market is

Co+C=1. - | o (8)

The equilibrium condition of the stock market is

A+ A% =1. _ (9)
Because of Walras's law, one of the two equations is redundant.

Now, we solve the dynamic equations. Owing to the simplification of the
production and the assumption of log linear utility functions, giobal and explicit
solutions can be derived.

First, we derive the solution of each country's wealth. Subtracting (7*) from

(7) and integrating the result from 0 to t yield

Ac_ Ao popr
A% A% |

From initial conditions (2),{2*), the equilibrium condition of the stock market
(9), and the above equation, the explicit solution of the home country's equity
shares can be derived:

Koo bt
Koo Bta(1-Kgpe Pt

The foreign country has 1-A shares.

A(= (10)

The dynamics of the equity share holding depend on the time preference

rates of the two countries. If the time preference rates are identical, the two




countries' asset and consumption levels will stay constant.? If the time
preference rates are different, divergence will occur. The country with the
lower time preference rate accumulates equity shares continuously and finally
obtains all the equity shares in the world. As the budget constraints (1) and (1%)
indicate, the increase in one country’s share holding means that that country
saves a positive amount. In the foregoing process, the country with the lower
time preference rate saves a posilive amount. And the country with the higher
time preference rate always dissaves.

Let By denote the net foreign asset of the home country. The net foreign
asset is equal to the difference between the national wealth of the home country

and the amount of the production factor that is located in the home country:

Bt=Al_g

Eoﬂ-sl
AgeBte(1-KgreF!

If the time preference rate of the home country is smaller than that of the

(11)

foreign country, the net foreign asset of the home 66untry will increase
continuously, which means that the home country continues to have a current
account surplus.

The equilibrium equity share price can be derived from the two countries’
consumption functions (6), (6*), and the equilibrium condition of the

consumption goods market (8):

71If tax rates or fiscal expenditures are changed over lime, then the private consumption
{evel fluctuates even in this case. See Frenkel and Razin (1987).
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TAB+(1-AP

Q¢

-t _ -p*t
) Koe +(1 ;o)e - (12)
Eoﬁe""+(1—30)ﬁ‘e"w

The equilibrium equity share price is equal to the weighed harmonic average of

the reciprocal of the two countries’ time preference rates. The weights are the
two co'untries' wealth shares in the world.
The equilibrium interest rate can be derived from (12) and the definition of

the interest rate:

_J":(.B"’e"“+(1—E(,)|3"‘2e'”mt

(13)
Eoﬂe—m’+(l—ﬁo)ﬂ*e-rt

ry

The equilibrium interest rate is equal to the weighted average of the time
preference rates of the two countries. The weights are the two countries’
consumption shares in the world. |

The solutions of the two countries' consumption expenditure can be derived

“from (10), (12), and the consumption functions (6) and (6*):

_ AP
A B+(1-A)B*

t

ﬁoﬂe"“
= : (14)
Rope Pe(1-Ag)pre P!
. Y s a-Ft
Coys (1-Ag)Pe . (14*)

Eoﬁe_nl-l-(l-xo)ﬂ'e_Pl

1




The country with the lower preference rate consumes a relatively small amount

at first. As it accumulates the wealth, it comes {0 consume more.

3 The Policy Game

In this section, the dynamic game between the two countries is analyzed.
Let x¢ and x*; denote consumption-wealth ratios of the home country and the

foreign country respectively:

Cy
QzAt’

Iti

C*,
th‘t‘

) &

We assume that at an initial date each government chooses an all-future
time path of the national consumption-wealth rdtio as a strategic variable in
order to maximize the utility of its representative citizens3 In section four, it
will be shown that each government can control its national consumption-wealth
ratio by using a set of taxes and subsidies.

If the governments choose a time path of some other ratio as a strategic

variable ( for example, a saving-wealth ratio or some tax rate ), then the

8]t is assumed that at the initial date each government must make a binding commitment
regarding the policies it will take at atl future dates. Another possible approach is to model
governments as choosing decision rule strategies instead of path strategies. That is,
governments are assumed to observe the values of relevant state variables and respond
instantaneously by choosing their current actions. For details, see Bagar and Olsder (1982),
Reinganum and Stokey (1985), and Turnovsky et al. (1988). In dynamic game models with
decision rule strategies, the players' time horizon is usually assumed to be finite. And non-
cooperative equilibria are found by using backward induction. It seems inappropriate to
assume finite time horizon in the savings policy problem. For decision rule strategies with
infinite time horizon, see Oudiz and Sachs (1985).

12




character of Cournot-Nash equilibria will differ from the following result. This
arbitrariness is well known as Bertrand's Critique. Notice that some seemingly
plausible variables are not appropriate for use as a strategic variable in our
model. For example, we can not take a time path of consumption as a strategic
yagia_bl_e. The world output of consumption goods is constant and equal to one.
T_neggfore the two couniries can not decide their consumption level
. ;ndgpendently. By the same reason, we can not use a path of savings-income
ratio as a strategic variable as in Hamada (1965). We shall discuss this problem
further in section four.

Under the equilibrium condition of the consumption market (10), the equity
_ share price q; depends on the two countries’ consumption-wealth ratios x¢, x*¢ in

the following way:

q, 1 (135)

TA X +(1-ApT

 The more the two countries increase their consumption-wealth ratios, the
cheaper the equity shares become. The home country's consumption level in
competitive equilibria is derived from the definition of x{ and the above
equation:
Ayxy

C,= . 16
' A'_It+(1—Al)I‘t ( )

The budget constraint of the home country under the policy game can be
derived from the equation (15), the definition of x¢, and the budget constraint of
the home country (1):

A=A (1-AD(X-1;). (17)

13




(17} is a transition equation of the system.

The one unit increase of the consumption-wealth ratio x¢ costs a
proportional decrease of Rt as the equation (17) denotes. By the one unit
increase of x¢, how much the home country can expand the consumption level?
As the equation (16) indicates, it depends on the two countries’ consumption-
wealth ratios, x; and x*y. If x*¢ is zero, then the home country will not be able to
expand the consumption level by increasing X;. In this case, the increase of x¢
causes only a proportional decrease of the equity share price. The greater the
foreign country’s consumption-wealth ratio x*, and the smaller the x4, the less
expensive the home couniry’s consumption becomes. As we shall see later, this
duapolistic character of the market makes each government behave in a
strategic way.

The government of the home country chooses a time path of the
consumption-wealth ratio x; in order to mazimize its citizens’ welfare. We
assume that the home country government regards the time path of the foreign
consumption-wealth ratio as given and that the fpreign country government
takes the symmetrical view with respect to the home country government’s
actions. That is, we analyze non-cooperative open loop solutions of our policy
game.

The optimization problem of the home country government is

14




A x

-pt tIt
max e in dt
{x‘}Io Ajxg+(1-A)x,

subject to
A=A (1-A(X*-1,), (17)
Ao=Ro, (2)
X,20,

and
At;‘o.

The current-value Hamiltonian can be written as

Axy
Atxl+(l—At)x*t

Y(A, . x;.,8; . t)=In

+9t[ At(l_At)(x*t“‘xt)] 1

where the costate variable 8¢ denotes the current value of the marginal

“contribution of the state variable A to the utility. Because

‘FD(At,et,t)- maI‘P(A‘_.Xt,et,t)

X
is a concave function of At for given 8¢ and t, the necessary and sufficient
conditions for the optim_al behavior are the equation (17), nonnegativity

conditions of Xy and At,

15




oy _ (I-Ag)x%

= -0, A, (1-A{)=0, (18)
th xt{Atxt'f(l"At)x't} t t t

8,=p0,- —
_Bo,- il +8,(2A,- 1)(x%-1,)
' Al{AtIl'F(l"A[)x*t} ' t t Lt
(19)
limo,e P20, (20)
Lo
and
lim6,A,e P'=0. (21)
|

Eliminating 8; from {18) and {19) and arranging the result with (15) and
(17), we obtain a necessary condition of the optimal x; under a given time path

of 3%

it—i*t=(xt+x*l)+(xt;x‘t)—ﬂ+xl-x't. (22)
In order to understand the meaning of the above equation, we rearrange it into
an equation of C; and C*;. Substituting the definitions of x; and 1%, (15) and (17)

into (22) yields

ét+ﬂ=rt+-t't- (23)
This necessary condition of optimality (23) corresponds to the equation (3’),

which is a necessary condition of the optimal behavior of the home country

16




citizens in the competitive market. On the right-hand side of {23), there is a new
term, which denotes the growth rate of the foreign consumption,

An intuitive argument goes as follows. Like (3'), the left hand side of the
equation (23) denotes the marginal rate of substitution for the home country
between consumption at time t and consumption at time t+dt. The right hand
side of the equation (23) denotes the marginal cost of consumption at time t
measured by consumption at time t+dt. From the equation (16), we know that if
the foreign consumption increases over time, then the marginal cost of the
future consumption will become cheaper for the home country relative to the
present consumption. Because of this effect, the marginal cost differs from the
market price ry. Notice that this effect makes the home country’s consumption
move more closely to the foreign country's consumption than in the competitive
equilibria.

The conditions of the optimal behavior of the home country government

.'will now bé summafized. The necessary and sufficient conditions are the non-
.n‘egativity conditions of 1gand Ay, the budget constraint (17), the equation (22),
and transversality conditions. Substituting (18') into (20} and (21) yields the
following transversality conditions:

xl
L e Ptyop, (20')

lim
L 0oe Al(xt'l'xtt)xt

x‘t "
lim e Pl-0. (21')
l—)w(xt+x*t)lt

The government of the foreign country chooses a time path of the

consumption-wealth ratio x*; in order to maximize the utility of its

17




representative citizen. The government of the foreign country regards the time

path of the home country’'s consumption-wealth ratio x¢ as given.

= l1-A)x*
max] e Ftn ( 2o
(%170 Aixe+(1-AT,

subject to
A=A (1~A (X -1y), (17)
Ag=Ay, (2)
%20,

and

1- A t2 0 .
Like the home country case, the necessary and sufficient conditions of the
optimal behavior of the foreign country are the budget constraint (17), the non-

negativity conditions of x*¢, 1-Ay,

i‘t-it=_(xt+x‘l)+(xt;x‘t)—B‘+x‘;~i,. (22%)

, Iy -pst
fim 0, 20*
(I A) (e x0T, (20%)

and

m L e Ftoo. (21*)
Lo (It+x't)1‘(

As in the home country case, the equation (22*) can be arranged into

18



Cr +B*=r,+Cq. (23%)

Time paths of x;, x*t, and Ay in Cournot-Nash equilibria are determined by
the budget constraint (17); the equations (22) and (22*); the transversality
conditions (20°), {21'), (20%), and (21*); the non-negativity conditions of xi, x*,
Ay, and 1-Ag and the initial condition (2). Time paths of Ct, C*¢ and q¢ are
determined by the equilibrium time paths of 3¢, x*¢, and Ay; equation (15); and
the definitions of xy and x*¢.

Without solving the dynamic system, the interest rate and the equity share

price in Cournot-Nash equilibria can be derived from (23) and (23*):

rt=-;-(B+B*). (24)
2

3 | (25)
1t B+ B*

The interest rate and the equity share price are constant in equilibria. The
constant interest rate will be studied further in section four.

Because it is difficult to solve the nonlinear differential equation (17), (22),
and (22*) directly, we rearrange the equilibrium conditions. Substituting the
definitions of x;, x*; into the preceding conditions of Cournot-Nash equilibria and
) using (15), the equilibrium conditions of x¢, x*, and A¢ can be transformed into

the following equations of Cy. C*y and A¢:

At=pzﬁ*(m—ct). (26)

Co-Com 5 (B-B), (27)
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Cl+c‘l=1' (8)

c*
fim ———e Pt >0, (20"
tow(1-AC, ® )

. ACh Bt
lim ———— ¢ =0, 21")
l—)n(l"At)Cl (

C .
tim ——e Ft:0, (20*)
| ] Atc*l
-A
lim _(_lﬂ_.‘)_c.le-ﬁ"@g' (21*)
Lo e Alc‘t
C,20,
C*lzo,
0sA;s1, (28)
and
A0=Ko. (2)

The above conditions are equivalent to the preceding conditions of 1y, 1%,
and A;. From (27) and (8), we obtain solutions of the two countries’' consumption

in the dynamic game:
1
Cue 2

1 1 '
-—=Bt -=—p*t
Coe 2ﬂ +(1—Co)e 2B

Bt

Cl= (29)
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(1-Cy) '%m
C* = el R . (29%)
t Lt gt
Coe 2 +(1-Cyle ?

In Cournot-Nash equilibria the country with the lower time preference rate
increases its consumption over time and the country with the higher time
preference rate decreases its consumption in a way similar to that in competitive
equilibria. But the divergence speed of the two countries’ consumption are

different in the two cases. From (14) and (14*) we know that the gap between

the growth rates of the two countries’ consumption levels is p-B* in competitive
equilibria. In the policy game, the gap is (3-B*)/2. This slowdown of the
divergence comes from the second terms on the right-hand side of (23) and
(23*). As we have discussed the meaning of the equation (23), each country has
‘an incentive to move its consumption more closely to the other country's
consumption in the duopolistic situation.

The initial consumption level of the home country (g is determined in the

following way. From (2), (26), (27), and (29), we get

1
-—PBs
+|}‘ Coe 2B

> T lfssc!s. (30)
o Coe 2 +(1-Cqp)e?
Co is determined by this equation. Cg is uniquely determined and satisfies 0 < Co
< 1 under a given &¢, which satisfies 0 <&¢ < 1. Cp increases as Ag increases.
In the same way as in (30), we get a relationship between the home

country's wealth and its consumption at time t:

21




A1=B*’2" 1 — ds. (31)
—B*s —Ps
0 C[ez +(1—Ct)82

Substituting (29) into (31) yields the solution of Ay
-Lp(sst)
2

1
* Cope ~=(p+p*)s
ALl 2 e 2Py

Z dgiset) Lprisat)
0 Cge 2! +(1-Cpe 2P
(32)
If the time preference rates are identical, the two countries’ asset and
consumption levels will stay constant. And the two countries’ consumption

shares, C¢ and C*; are equal to their initial endowment shares, Ag and A*). That

is, if p=P*, then the resource allocation in the Cournot-Nash equilibrium will be
identical with that in the competitive market. As we shall see later, the
competitive equilibrium is Pareto-optimal. Therefore, there is no need for policy

coordination in this case.

If the time preference rate of the home country P is smaller than that of the
foreign country p*, the home country's equity share At will increase as time
elapses. As seen later, the speed of increase is slower than that in competitive
equilibria.

It is not difficult to confirm that the time paths of C, C*, and At defined by
{29). (29*%), (30), and (32), satisfy all the conditions of Cournot-Nash equilibria,
which we have summarized. Therefore, these time paths are Cournot-Nash
equilibrium paths.

The time path of x¢ is derived from (29), (31), and the definition of the

consumption-wealth ratio xy:

22



It‘ A = . I
Qe Ay -Eﬂs
¢ ds
s 2 Bs
o0 Cie 2 +(1-Cyle?
- 1 ‘ 1 . . (33)
> { -5 Bt -8 t] -2Bs
C 2 {|-C 2 }e 2
0: 1+( = { P
- t - A% - I't —
0 Coe 2Be2ﬂs+(1-co)e 2P ezrss

The consumption-wealth ratio of the foreign country can be derived in the
_ same way.

The solution (33) implies the following strategy of the home country
government. If the time preference rate of the home country is higher than that
of | the foreign country, the home country will decrease its consumption-wealth
ratio as time elapses. This ratio finaity approaches to B as t — . In competitive
equilibria, the consumption-wealth ratio of the home country is always f, a§ the
consumption function (6) indicates. In Cournot-Nash equilibria the higher time
preference country comes to behave like a price-taker as its economic share
decreases. _ |
‘ In contrast, if the time preference rate of the home country is lower than

| that of the foreign country, then the home country will increase its consumption-
wealth ratio as time elapses. This ratio finally approaches to { f +p* )/2. The
lower time preference country does not behave like a price-taker even after it
obtains almost all the wealth of the world. It continues to exploit the other

country. This result depends on our assumption that production is entirely

23




exogenous. If production is endogenous, then government intervention in
private savings will cause a harmful side effect: the intervention will cause the
marginal productivity of capital to deviate from the time preference rate. As the
lower time preference country increases its wealth and consumption, the benefit
from the exploitation of the other country diminishes. But the harmful side
effect remains. Therefore the government will reduce its intervention after
obtaining almost all the wealth of the world.

The relationship between the consumption and the equity share holding in
Cournot-Nash equilibria is compared with that in competitive equilibria (Figure
1). The time preference rate of the home country is assumed to be lower than
that of the foreign country. The dotted curve is the locus of the home country's
consumption and equity shares in Cournot-Nash equilibria. This relationship is
defined by the equation (31). The solid curve is the locus of the home country’s
consumption and equity shares in competitive equilibria. This relationship is
defined by the equation (14). In both cases, 1-Cy and 1-Ay denote the foreign
country’s consumption and equity shares respectively. The two curves are
upward sloping and upward concave.? On the 45° line, the home country'’s
consumption C is equal to its income Aq. The two curves are located below the

45° line. This indicates that the home country, which is assumed to have the

91n the case of competitive equilibria, this is obvious from the equation (14). In the case of
Cournot-Nash equilibria, the upward sloping is obvious from the equation (31). We can
confirm the concavity by differentiating the equation (31). Differentiating the equation
{31) twice yields

- Jlgeg UL L (p+p*

A, p+p*| 2¢(e 2P e 2M’)e (P+p")s
2 2 _ige 4

9 o {ce 2P Ti(i-cye zPS13

ds .

If § >p*, then d2A/dC2 < 0.
It is shown that the curve of Cournot-Nash equilibria in Figure 1 is upward concave.
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lower time preference rate, continuously accumulates equity shares in both
equilibria.

" The curve of competitive equilibria is located below the curve of Cournot-
Nash equilibria {Figure 1), which can be confirmed in the following way.
. Assume one consumption levél C{ at time t. Let AN denote the amount of
_,:equity_shares that brings the home country to consume C0 in Cournot-Nash
equilibria. Let AM denote the amount of equity shares that brings the home

country to consume G in competitive equilibria. From (14) and (31), we get

= |
' * C"e_aﬂs
A:M—A:LA:M*B;B | — ds
o Cle2' “a(1-Cl)e FA
) L, -3Bs o -ops
BB MoaMy| —Bf “be ds,
2 Y y L
o At Be2 +(l-A.)p*e ?
where
T gy 1y
[(D'e 2" "_pe 2 )ds—O
0

Lps

|
aMpe 2P P i-aMpre2®

isa decreasing function of s. If § <p*, then
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__-.l._p*s ..Z_Bs

B*e 2 -Pe
will also be a decreasing function of s. Therefore, AM - AN is positive under
conditions p < p*, AM = [, and AM = 0. It is shown that the curve of competitive
equilibria is located below the curve of Cournot-Nash equilibria.

At the home country's given equity shares A¢, the home country, which is
assumed to have the lower time preference rate, consumes C; in the competitive
equilibrium and consumes C'y in the Cournot-Nash equilibrium (Figure 1). By
consuming more, the home country can bring down the equity share price
measured by the consumption goods. The lower equity price means that the
lender country can acquire the equity share in exchange for a lesser amount of
the consumption goods. On the other hand, the country with the higher time
preference rate has an incentive to consume {ess than what it consumes in the
competitive equilibrium.

Because of the promotion of consumption, the equity share holding of the
lower time preference country grows more slowly in Cournot-Nash equilibria
than in competitive equilibria. The two arrows of different length in Figure 1
indicate this.

As the equation (11) indicates, the net foreign asset is equal to the
difference between the national wealth of the home country and the amount of
the production factor that is located in the home obumry. Because the location of
the production factor is constant in our model, the net [oreign asset of the home
country moves in parallel with the national weaith of the home country.
Therefore the net foreign asset of the lower time preference country grows more
stowly in Cournot-Nash equilibria than in competitive equilibria; this means that
the current account imbalance, which is equal to the international capital flow, is

smaller in Cournot-Nash equilibria than in the competitive equilibria. The
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uncoordinated actions by the national governments result in shrinking
international lending and borrowing.

In international trade theory, it is well known that each country’s self-
seeking trade policies result in shrinking international trade. Keeping in mind
that international capital flows are international exchanges of present goods for
future goods, we see that the present analysis is a natural extension of standard
trade theory. _

-2« Because there is no market distortion, the allocation in competitive
equilibria is Pareto-optimal, which can be confirmed by comparing the
“consumption paths of competitive equilibria with solution paths of a social

optimization problem:

{c!?;ﬁgl }':m' J: e '—Bf ln"lc.'l .dt ' ( ,l - ) Jo .el— B tincr, dt,
subject 10

___C“t ) c.tt_= _l .

Ci20 \
and |

C,% =20,

'W'here m- denotes the Wéight gi{ren to the home country consumers by the central
planner. If w=p*Ag/{(B*Ag+B(1-Ag)), then the solution of the social optimization

problem will become identical with the path of the foregoing competitive

- equﬁnbrium As oompared w1tn the socmlly optlmal path the consumption
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expenditures of the two countries diverge more slowly in Cournot-Nash

equilibria.l?
4. Tax Policies in Cournot-Nash Equilibria

In a market economy, government cannot directly determine the national
savings ratio. But the savings ratio can be controlled with appropriate tax
policies. As shown in this section, each government can accomplish the foregoing
Cournot-Nash equilibrium time path of consumption-wealth ratio by using a set
of taxes and subsidies. Strictly, there is tax policies, by which each country can
accomplish the consumption-wealth ratio path (33) of Cournot-Nash equilibria
under a given time path of the other country's consumption-wealth ratio.

Assume that the home country government !evies a capital income tax on
its residents.!! Let 1 denote the tax rate at time t. 1y can be negative. The
negative tax rate 1; denotes that the government is subsidizing asset holding.
The government is assumed to impose the tax purely for reallocation purposes
and reimburse the revenue to the public in 2 lump-sum fashion. Under this tax

policy, the budget constraint on the home country's citizens becomes

A1=L(A1-Ct+T[)“TtAt, (34)

Q.
where T ¢ denotes the reimbursement. The budget constraint of the government

can be written as

1011 is not difficult to confirm that both countries can improve their welfare
simultaneously by deviating their consumption paths appropriately from the Cournot-Nash
paths.

1145 js well known, capital income {axes and consumption taxes are somelimes equivalent.
In this model, governments can achieve the optimal consumption-wealth ratio path not
only by using capital income taxes but also by using consumption taxes
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Tt“‘ttht (35)

Now the Euler equation of the home country citizens becomes

. 1 qQe
Ciz=| —+——-1,~ C ’ . (36)
s la)l

instead of (3).

The consumption-wealth ratio of the competitive citizens in the home

country can be derived from a transversality condition, (34), (35), and (36):

o Cy _ 1
QtAt oo §

[ e'[t (Broy)dv ds

(37)

Notice that the consumption-wealth ratio of the competitive citizens does not
depend on the foreign strategy (x*i} nor on any market conditions. It is not

difficult to ascertain that if the capital income tax rate moves as

(38)

(g
T (BT B) ——

i '
- — B*t
Coe 2 B

i (1-Cgre
then the consumption-wealth ratio path of the competitive citizens (37) will
become identical with the optimal strategy of the home country in Cournot-Nash
equilibria (33).

The equation (38) indicates that if the home country’s time preference rate
is lower than that of the foreign country, then the home country will accomplish

the optimal consumption-saving path by taxing the domestic citizens’ asset
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holdings. Under the capital income tax, the home country citizens consume more
as compared with the discretionary case.
In the same way, it can be shown that the foreign government can

accomplish the optimal strategy (33*) by controlling its capital income tax as

1
- =Pt
(l-Co)e 2&

LYY g
Coe 27 4(1-Cyre 2"

rn=-§(s*—ﬂ> . (38%)

where 1*; denotes the tax rate in the foreign country at time t.

The tax policies of the two countries in Cournot-Nash equilibria are
compared in Figure 2. The time preference rate of the home country is assumed
to be lower than that of the f oreign country. Notice that the difference between
the two countries’ after-tax interest rates is constant over time. The difference
is always (B*-B)/2. In Cournot-Nash equilibria of this model, the relative size of
the two countries will not affect the magnitude of the market distortion if the
market distortion is measured by the interest differential between the two
countries. The higher time preference country comes to behave like a price-
taker as its economic share decreases (Figure 2). In contrast, the lower time
preference country intensifies its intervention into the market as its economic

| share increases. In this sense, a large country exploits a small one.
S. Concluding Remarks

By introducing a theory of non-cooperative dynamic games into the
international lending and borrowing problem, it is seen that each country’s self-

seeking savings policies produce suboptimal allocation in the transition process.
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In Cournot-Nash equilibria of this policy game, governments of high time

... preference countries depress private consumption by, for example, subsidizing

asset holding. By depressing consumption, they can bring down the world
interest rate and improve t_heir_intertemporal terms of trade. Governments of
low time preference countries boost private consumption by, for example, taxing
- agset holdings. . As aresult, international caﬁital flows shrink to an undesirable
level in Cournot-Nash equilibria. If ihe world economy tends to fall into such
non—oooperauve equmbna the cooperauve equmbnum will be achieved by
ampleymg current aocount 1mbalanoes

The world interest rate also moves dﬂ‘ferently as oompared with that in
competitive equilibria. In competitive equilibria, the world interest rate is equal
to the weighted average of the two countries’ time preference rates. And the
weights are equal to each country's consumption shares in the world. As the
lower time preference country expands its consumption share over time, the
world interest rate falls. In Cournot-Nash equilibria, the world interest rate
stays constant because the government of the lower time preference country
intensifies its capital income tax and continues to exploit the higher time
preference country.

Some qualification as well as generalization of the above results may be
noted. First, the story becomes more involved, if the opportunity for physical
investment is introduced. Assume that the production function has constant
returns to scale and is identical in Both countries. There is only one production
factor, capital stock. The capital stock and consumption goods are identical. In
this case, the governments have no incentive to introduce savings policy,
because they can not affect the the world interest rate, which is always equal to
the constant marginal productivity of capital. The non-cooperative equilibrium

becomes identical with the competitive equilibrium. Probably the real economy
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lies between the two extreme cases, the constant output case and the constant
marginal productivity case.

Second, it is possible that other formulations of governments’ strategy
spaces bring about different non-cooperative equilibria. For example, it will be
fruitful to compare the case of territorial principle taxation,!2 in which the
domestic government taxes investment inooine from domestic assets regardlesé
of who invested in them, with the case of nationality principle taxation, in which
the government taxes domestic residents' investment income regardless of
where the income is derived. Another possible approach is to model

governments as choosing decision rule strategjes instead of path strategies.

12See Hamada (1966).
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Figure 1.
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Figure 1. The dynamics of the home country's consumption and
assets. (The time preference rate of the home country is assumed to
be lower than that of the foreign country)




Figure 2.
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Figure 2. The ‘dynamics of interest rates tax rates and subsidy rates
in the Cournot-Nash equilibrium: the capital i mcome tax case. (The
time preference rate of the home counu'y Bis assumed to be lower

than that of the foreign country p*.)



